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Abstract 


A radially  pulsating  cylindrical  sound  source  g*ves  rise  to  broadside 
radiation  if  all  its  elements  move  in  phase.  However,  when  a progressive 
phase  shift  between  elements  along  the  cylinder  is  introduced  (by  means  pi 
waves  propagating  along  the  cylinder,  or  of  standing  waves),  the  radiation 
can  be  ’’steered.  " When  the  phase  velocity  of  these  waves  is  equal  to  the 
sound  velocity  in  the  surrounding  medium  the  radiation  pattern  resembles 
that  of  an  end-fire  directive  array  of  point  sources.  The  high  directivity 
thus  achieved  is  independent  of  the  ratio  of  source  diameter  to  wavelength 
and,  over  a large  range,  of  frequency.  Experimental  xesults  verifying  the 
mathematical  analysis  are  presented.  High  directivity  can  also  be  achieved 
by  means  of  a battery  of  staggered,  partly  occluded,  cylindrical  sources 
udth  a phase  velocity  half  that  of  sound.  Another  advantage  of  the  source 
is  that  its  radiating  surface  area  can  be  conveniently  made  much  larger 
than  that  of  a piston-type  source.  In  practice  for  use  under  water,  this 
source  may  be  in  the  form  of  an  elastic  rod  or  shell,  or  of  a mass-  or 
stiffness -controlled  hose  filled  with  a fluid  under  pressure  (in  order  to 
prevent  cavitation  at  the  transducer  surface).  Comparing  the  merits  of 
these  different  approaches  to  the  design  of  a low-frequency  source  pro- 
ducing ah  end-fire  directive,  frequency -independent  directivity  pattern 
(over  the  operating  range),  it  is  found  that  the  most  interesting  one  is  the 
mass-controlled  hose  filled  with  sea  water. 
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Principal  Symbols  Used 

(N.  B.:  Other  symbols  are  defined  in  thd  Text. ) 


a 


radius  of  cylinder 

^E/p  ^ , bar  velocity  (p^  is  the  density  of  the  bar  material) 

phase  velocity  of  axially  symmetrical  waves  propagating  in  the 
direction  of  the  cylindrical  axis 

sound  velocity  of  surrounding  medium 


sound  velocity  of  the  fluid  in  the  fluid-filled  hose  (equal  to  when 
the  hose  wall  is  infinitely  rigid  or  massive) 


E 


i 

, longitudinal  wave  velocity  in  an  elastic  plate  (or  wall 
of  cylindrical  shell)  at  low  frequencies 


c. 

1 

Young’s  modulus 

total  radiated  power 

total  power  lost  by  cylindrical  source 

frequency 

half-thickness  of  hose  or  shell  wall 


j 


k.  ,k  , k 
1 o z 


L. 
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P(R) 

r 

R 


w/c.,w/c  , fa>/c  .wavenumbers 
10  2 

length  of  cylindrical  source 

L/X-,  length  of  source  measured  in  wave  lengths 
sound  pressure 

mass  ratio  of  helium  to  air  in  gaseous  mixture 
space  vector 
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TM34  -ti- 
ll, 0 spherical  coordinate* 

r,4  , z cylindrical  coordinate* 

S p/u  stiffness  of  ho*e  wall 

t time 

u radial  velocity  of  cylindrical  surface 

u,  v radial  and  axial  displacements  of  cylindrical  surface,  respectively 

U amplitude  of  radial  displacement  of  a surface  element  at  the  driving 

end  of  the  cylindrical  source  (i.e. , at  z = 0) 

V(z)  strain  energy  flow  through  the  cylindrical  cross  section  located  at  z 

W(z)  fluid  energy  flow  through  the  cylindrical  cross  section  located  at  z 

xw  specific  reactance  of  hose  wall 

zw  specific  impedance  of  tube  wall 


\>i  *X0  cJi>  wave  lengths 

logarithmic  decrement  per  wave  length  of  a wave  travelling  along 
the  cylindrical  surface 

v Poisson's  ratio 

Pi  * Pw  density  of  fluid  in  flpid-filled  hose,  of  surrounding  medium,  and  of 
hose  wall,  respectively 

ip  phase  angle  defined  in  Eqs.  (II.  26) 

ip  (ft)  velocity  potential 

w circular  frequency 

Definition  of  certain  functions 
Bessel  and  related  functions 

^ • Bessel  function  of  order  m 
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THEORY  AND  DESIGN  OF  AN  END -FIRE  DIRECTIVE  SOUND  SOURCE 


by 

Miguel  C.  Junger 

Acoustics  Research  Laboratory.  Harvard  University 
Cambridge,  Massachusetts 


Chapter  I 

General  Features  of  the  End-Fire  Source 

Description 

The  end*fire  source  is  in  the  form  of  a long  cylinder  which  radiates 
sound  energy  into  the  surrounding  medium  by  means  of  axially  symmetrical 
waves  travelling  in  the  direction  of  its  axis.  These  waves  are  generated 
by  a transducer  injecting  energy  into  the  cylinder  at  one  of  its  ends 
(cf.  Fig.  1.1)  and  are  attenuated  as  they  progress  by  the  effects  of  acoustic 
radiation.  Another  form  of  this  source  utilizes  attenuated  standing  waves 
(cf.  Fig.  1.2).  The  essential  difference  between  the  end-fire  source  and  the 
conventional  piston-type  source  is  this:  In  the  latter,  the  directivity 
pattern  is  determined  entirely  by  the  ratio  of  source  diameter  to  wave- 
length. There  is  thus  a lack  of  flexibility  which  gives  the  designer  very 
little  freedom,  and  which  imposes  a strong  frequency  dependence  on  the  per- 
formance of  the  source.  The  end-fire  source,  on  the  contrary,  has  a direc- 
tivity pattern  which  depends  on  three  parameters:  (1)  the  ratio  of  the 
phase  velocity  c^  of  the  travelling  waves  to  the  sound  velocity  cQ  in  the 
surrounding  medium,  (2)  the  attenuation  pper  wave  length  of  the  waves  on 
the  cylindrical  surface, (3)  the  length  n of  the  cylinder  measured  in  wave 
lengths,  (i.e.  , the  ratio  L/V..).  The  former  two  parameters  depend  only  in- 
directly on  the  frequency  and  the  source  diameter.  As  to  the  third  parameter, 
it  defines  a frequency  dependence  onlyiin  so  far  as  the  source  must  measure  a 
minimum  number  of  wavelength*;  hence,  the  frequency  dependence  is  limited 
to  the  statement  of  a lower  limit,  determined  by  the  actual  length  of  the  source, 
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below  which  the  source  does  not  operate  efficiently.  The  designer  has 
therefore  greater  control  over  the  performance  of  the  source,  and  con- 
siderable freedom  in  obtaining  the  desired  directivity  patterns  without 
being  hampered  by  frequency  and  source  diameter  requirements. 

Having  determined  the  functional  relation  between  the  three  above- 
mentioned  parameters  (c^/c^p,  and  n)  and  the  directivity  pattern,  the  engi- 
rieerin&problemtobe  solved  is  essentially  how  to  generate  most  practically 
surface  waves  fulfilling  the  conditions  which  result  in  the  desired  direc- 
tivity pattern.  This  technical  memorandum  presents  (l)  the  theoretical 
analysis  of  the  functional  relation  between  the  system  parameters  and  the 
directivity  pattern.  (Chap.  II  and  Appendix);  (2)  experimental  results 
verifying  these  theoretical  conclusions  (Chap.  Ill);  and  (3)  a preliminary 
investigation  of  practical  designs  for  use  in  water  (Chap.  IV).  For 
the  latter  purpose  the  most  promising  design  is  in  the  form  of  a water  filled, 
pressurized  hose,  made  of  a flexible,  strong  material;  the  hose  would  measure 
approximately  twenty  wavelengths,  and  its  diameter  would  be  a small 
fraction  of  a wavelength.  Pressure  waves  injected  at  the  driving  end  propa- 
gate along  the  fluid  column.  Owing  to  the  finite  impedance  of  the  hose  wall, 
these  pressure  waves  are  associated  with  axially  symmetrical  ripples  pro- 
gressing along  the  hose. 

Advantages 

The  greater  flexibility  of  performance  of  the  end-fire  source  results 
in  three  specific  advantages  over  the  piston-type  source.  The  most  important 
one  is  that  high  end-fire  directivity  can  be  achieved  even  when  the  diameter 
of  generator  and  cylinder  are  but  a small  fraction  of  a wavelength,  provided 
the  three  controlling  parameters  fulfill  certain  conditions.  This  feature  is 
of  great  interest  if  it  is  desired  to  propagate  sound  energy  over  great  ranges 
under  water.  For  this  purpose,  low-frequency  sound  waves  are  preferable, 
since  they  are  absorbed  to  a lesser  extent  than  high-frequency  waves, 
absorption  being  in  general  proportional  to  the  square  of  the  frequency. 
However,  little  is  gained  by  using  a non-directive  low-frequency  source 
because  the  sound  wave  is,  in  this  case,  attenuated  by  geometric  spreading. 
Since  a narrow  sound  beam  is  produced  by  a piston-type  source  only  if  the 
source  diameter  measures  at  least  two  wavelengths,  these  sources  can  be 


(R.0) 


Tig,  I.l»  I laments  of  the  end-fire  source  temlnated  by  an  energy 
sink,  (l.e.|  using  traveling  waves). 


fig.  1.2.  Elements  of  the  end-fire  sonroe  teninated  by  a reflecting 
surface  (l.e. , using  standing  waves). 
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adapted  to  low- frequency  use  only  when  their  diameter  is  increased  accordingly. 

It  can  be  verified  immediately  that  even  for  moderately  low  frequencies  the 
dimensions  of  a piston-type  source  are  prohibitively  large.  The  most  important 
practical  advantage  of  the  end-fire  source  is  therefore  the  feature  mentioned 
above,  vis.,  that  contrariwise  to  the  piston-type  source,  it  permits  low-frequency 
sound  energy  to  be  radiated  in  a narrow  beam  with  a source  diameter  of  only  a 
fraction  of  a wavelength.  For  that  purpose,  the  characteristic  parameters  of 
the  source  must  fulfill  the  following  conditions:  (a)  The  phase  velocity  of 
the  pres  sure  waves  must  be  approximately  equal  to  the  sound  velocity  cointhe 
surrounding  medium,  (b)  The  attenuation  per  wavelength  p must  be  relatively 
small,  (c)  The  length  n of  the  hose  measured  in  wavelengths  must  exceed  a 
certain  minimum  quantity  which  is  determined  by  p.  (For  example,  when 
p is  8 per  cent,  the  source  length  should  be  of  the  order  of  20  wavelengths. ) 
Nothing  is  gained  by  using  a source  length  greater  than  this  optimal  number 
of  wavelengths. 

Requirement  (a)  can  be  circumvented  by  using,  instead  of  a single 
cylinder,  a battery  of  cylinders  displaying  the  proper  phase  shifts  in  space 
and  time  and  using  propagating  waves  such  that  = l/2c0>  instead  of  c^  = cfl, 
as  for  the  single  cylinder  (cf.  Chap.  II).  This  is,  however,  a cumbersome 
arrangement  and  one  of  the  principal  aims  of  the  designer  will  probably 
be  to  achieve  condition  (a)  in  a single  cylinder  source.  Having  complied 
with  this  condition,  an  almost  arbitrary  degree  of  end-fire  directivity  can 
be  achieved  by  raising  requirements  (b)  and  (c),  i.e. , by  decreasing  the  atten- 
uation and  increasing  the  source  length  in  proportion.  This  process  is 
only  limited  by  attenuation  from  internal  friction  and  viscous  losses.  It 
should  be  added  that  requirement  (a)  may  be  modified  if,  instead  of  a 
highly  directive  pencil- shaped  beam,  a directivity  pattern  in  the  form  of 
two  symmetrical  prongs  is  desired  (cf.  Fig.  II.  4);  the  condition  required 
for  this  purpose  is  that  c^  be  slightly  larger  than  cQ. 

The  second  advantage  of  the  end-fire  source  is  that,  for  the  proper 
design,  its  directivity  pattern  is  essentially  frequency -independent  over 
large  frequency  ranges.  This  is  in  contrast  with  the  performance  of  the 
piston-type  source  whose  directivity  pattern  is  determined  by  the  ratio  of 
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•ource  diameter  to  wavelength.  Any  appreciable  change  in  frequency  will 
therefore  alter  the  pattern  radiated.  In  the  end-fire  source,  a change  in 
frequency  affects  the  pattern  only  indirectly,  through  the  three  control- 
ling parameters  (cj/co,p  and  n).  The  restriction  on  the  quantity  n imposes 
a lower  frequency  limit  on  the  range  of  frequencies  over  which  the  source 
can  be  used.  For  frequencies  larger  than  the  minimum  frequency,  frequency 
independence  can  be  achieved:  Neglecting  viscous  and  other  frictional  losses 
(which  are  small  compared  to  the  loss  by  sound  radiation),  p is  essentially 
frequency-independent.  If  the  same  is  to  hold  for  the  parameter  Cj/cq,  one 
must  use  for  propagation  along  the  cylinder  a type  of  wave  whose  dispersion } 
curve  is  flat  in  the  intended  operating  range  of  the  end-fire  source.  Several 
types  of  wave  propagation  in  elastic  rods,  in  the  walls  of  hollow,  cylindrical 
shells,  and  in  mass-  and  stiffness -controlled  fluid-filled  hoses  are  discussed 
in  Chapter  IV.  The  fluid-filled  hose  seems  to  be  the  most  practical  possibility. 

Another  advantage  of  the  end-fire  source  is  that  it  permits  the 
application  of  measures  inhibiting  cavitation,  and  thus  constitutes  a convenient 
outlet  for  powerful  transducers.  If  the  fluid-filled  hose  design  is  used,  the 
water  in  the  hose  can  be  placed  under  considerable  hydrostatic  pressure  to 
retard  the  onset  of  cavitation  in  the  vicinity  of  the  transducer.  Cavitation 
at  the  cylindrical  surface  radiating  into  the  ambient  medium  is  not  a serious 
problem,  because  the  area  available  for  transfer  of  sound  energy  is,  in 
general,  much  greater  than  the  area  of  any  practical  piston-type  source. 

By  selecting  a hose  wall  having  a sufficiently  large  reactance  the  amplitude 
of  the  most  intense  surface  waves,  in  the  vicinity  of  the  transducer,  can 
be  kept  below  the  cavitation  level.  If  cavitation  does  occur  in  this  region, 
the  effective  length  of  the  source  will  merely  have  been  reduced  by  the 
length  of  this  region,  which  is  shielded  from  the  ambient  medium  by  a 
pressure  release  surface  of  cavitation  bubbles. 

Qualitative  Description  of  the 
Operating  Principle  of  the  End-Fire  Source 

Having  thus  described  the  general  features  of  the  end-fire  source,  it 
seems  desirable  to  give  a qualitative  description  of  its  working  principle, 
which  is  analyzed  in  detail  and  rather  rigorously  in  the  next  .chapter.  Con- 
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sider  an  infinitely  long  cylindrical  surface  whose  entire  surface  is  covered 
by  axially  symmetrical  waves  travelling  with  a phase  velocity  Cj«  When  this 
velocity  is  extremely  large,  great  segments  of  the  cylinder  move  in  phase; 
each  of  these  segments  radiates  sound  energy  in  the  fashion  of  a long  uni- 
formly pulsating,  cylindrical  surface,  i.e.  , radially  outward^  [cf.  Fig.  1.3  (1)]. 

If  the  phase  velocity  c.  is  reduced  until  it  is  of  the  same  order  of 
magnitude  but  larger  than  the  sound  velocity  cQ,  the  outgoing  waves  progress 
in  a direction  having  a component  along  the  cylindrical  axis.  Wave  fronts 
travelling  in  the  direction  of  propagation  are  spaced  at  intervals  X0  = c0/f;  the 
traces  of  these  wave  fronts  on  the  cylindrical  surface  must  match  the  waves 
travelling  along  this  surface,  which  are  spaced  at  intervals  = c^/f . This 

matching  can  only  occur  when  the  direction  of  propagation  makes  an  angle 
cos' ^(cq/ c^)  with  the  cylindrical  axis.^  The  outgoing  waves  thus  propagate 
in  directions  which  form  a conical  surface  having  this  vertex  angle.  If  sound 
is  radiated  from  the  cylindrical  surplus  by  means  of  standing  instead  of 
travelling  waves,  there  are  of  course  two  such  cones  (cf.  Fig.  1.3  (2)).  The 
trace  of  such  a conical  wave  in  the  horizontal  plane  forms  the  two  prongs 
mentioned  above  as  being  characteristic  of  directivity  patterns  for  the 

condition  c.  / c^>  1 . 

1 o 

When  this  ratio  is  allowed  to  become  unity,  the  vertex  angle  of  the 
cone  vanishes  and  the  conical  waves  degenerate  into  a system  of  plane  waves 

3 

travelling  along  the  cylindrical  axis  (cf.  Fig.  1.3  (3)).  The  two  prongs  of  the 
preceding  case  have  merged  into  one.  This  is  the  condition  for  end-fire 
directivity  of  the  finite  end-fire  source.  For  the  infinite  cylinder,  the  radial 
intensity  gradient  grows  steadily  as  the  ratio  c./cQ  is  varied  from  unity  to 

^Figure  (I.  3)  as  well  as  the  general  line  of  thought  in  the  remainder  of  this 
chapter  are  taken  from  reference  (1) , where  this  problem  is  considered  in 
detail. 

2 

The  same  reasoning  applies  when  analyzing  the  well-known  problem  of 
flexural  waves  excited  in  an  elastic  plate  by  an  obliquely  incident  sound 
wave;  cf. , for  example,  reference  (2). 

3 

The  wave  fronts  of  these  waves  are  plane,  but  they  differ  from  ordinary 
plane  waves  in  that  their  intensity  decreases  rapidly  as  one  moves  radially 
outward  from  the  cylindrical  boundary.  They  thus  resemble  Rayleigh  surface 
waves;  the  similarity  is  heightened  by  the  fact  that  the  fluid  particle  dis- 
placements is  elliptical  for  Cj^cQ;  this,  of  course,  is  also  the  case  for  the 
Rayleigh  waves  (cf.,for  example,  reference  (3),  p.  21). 
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aero,  thus  suggesting  an  increase  of  end-fire  directivity.  In  this  range, 

the  similarity  between  the  infinite  and  the  finite  cylindrical  source  does 

not  hold,  as  the  directivity  pattern  of  the  finite  source  becomes  rapidly 

less  directive  as  c«  is  decreased  from  c to  aero. 

1 o 

Having  thus  explained  in  a crude  way  the  principle  underlying 
the  end-fire  source,  a more  rigorous  analysis  of  the  finite  source  will  be 
presented  in  the  next*  -chapter 


\ 

I 

f 

i 


Types  of  waves  excited  by  a vibrating,  Infinite  cylindrical  surface. 
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Chapter  II 

Theory  of  the  End- Fire  Source 
Parameter*  Determining  the  Directivity  Pattern 

Analyaia  of  the  Travelling-Wave  Source 

A rigorous  analysis  of  the  cylindrical  source  of  finite  length  is  not 
at  present  available.*  However,  an  excellent  approximation  of  the  far 
field  can  be  obtained  if  the  finite  cylinder  is  replaced  by  an  infinite  one 
having  the  same  axis  and  diameter;  the  surface  of  the  infinite  cylinder  is 
rigid  except  along  the  segment  coinciding  with  the  finite  source,  where  its 
dynamic  configuration  is  the  same  as  that  of  the  finite  source  (Fig.  II. I). 

It  is  to  be  expected  that  the  distant  field  produced  by  this  fictional  source  is 
very  similar  to  the  one  generated  by  the  actual  finite  cylinder.  The  reason 
for  this  similarity  is  that  the  distant  field  is  not  affected  appreciably  by  the 
two  cylindrical  cores  prolonging  the  finite  source  to  infinity;  it  is  therefore 
immaterial  whether  these  cores  consist  of  the  fluid  medium  (as  they  actually 
do)  or  of  a rigid  material  (as  in  the  case  of  the  fictional,  infinite  cylinder). 
Experimental  results  have  shown  that  this  approach  yields  satisfactory 
results  (cf.  Chap.  HI). 

The  mathematical  model  used  in  this  approximate  solution  is  thus 
an  infinite  cylinder  whose  dynamic  configuration  is  described  by  the 
following  boundary  conditions: 

u(z)  - 0,  for  z <0  and  z 

pk. 

u(z)  - U exp[ — 2~  * + j (wt-k^z)] » for  0<  z ^ L.  (II.  1) 

The  non -homogeneous  boundary  condition  represents  attenuated  travelling 

♦ Such  an  analysis  requires  the  solution  of  a Fredholm  integral  equation 
of  the  first  kind.  A variational  technique  has  been  applied  to  this  integral 
equation.  At  the  time  of  writing,  the  solutipn  had  been  completed  except 
for  the  evaluation  of  certain  contour  integrals . 
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waves , limited  to  the  region  0<  *<L.  The  formal  problem  ia  thus  to  deter- 
mine the  velocity  potential  k|>(r,4pSj|or,  using  the  apace  vectorK,  «|t(K)]  which 
satisfies  the  boundary  condition  'u(a)  defined  above: 

1 = •*  u(s).  (II.  2) 


The  problem  where  Neumann  boundary  conditions  [i.e.,  conditions  of  the  type 
in  Eq.  (II. 2)]  are  prescribed  on  an  infinite  cylinder  was  solved  by  Lair^and 
Cohen (4)  by  matching  boundary  conditions.  However,  it  is  felt  that  the 
alternative  approach  to  this  problem  by  means  of  the  Green's  function  method 
is  of  sufficient  interest  to  be  presented  here.  The  analysis,  as  given  in  this 
section,  is  greatly  condensed;  intermediate  steps  can  be  found  in  the  Appendix. 


The  gene  ral  form  of  the  Green*  s function  for  outgoing  wave  s in  cylindrical 
coordinates  is  given  by  Levine  and  Schwinger  (5).  Since  Neumann  boundary 
conditions,  Eq.  (II. 2),  are  prescribed,  the  particular  form  of  this  Green's 
function  appropriate  for  the  present  problem  should  satisfy  the  condition  (cf. 
Appendix) 


9 G (R.R') 
8 r* 


(U.  3) 


This  form  is  found  by  a procedure  parallel  to  the  one  used  by  Papas  (6)  in 
obtaining  a Green's  function  satisfying  the  condition G(£,R')r,_a=0,  required 
in  problems  where  Dirichlet  boundary  conditions  are  prescribed.  For  the 
Neumann  problem,  the  desired  form  of  the  Green's  function  is  found  to  be 


-PQ  , „(2) 

p=-oo  -oo  nm 


«L2,<AT^» 


(II.  4) 


where  r> , r<indicate,  respectively,  the  larger  and  the  smaller  of  the 
coordinates  r,  r\  and  where  the  apostrophe  denotes  differentiation.  Setting 
r'  = a,  the  Green's  function  on  the  boundary  surface  becomes 


***€•  Mathenati cal  nodal  used  In  the  analysis  of  the  cod-fire 
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G(RR') 


-I  Jk l H^t ti-t1'*) 


(XI.  5) 


The  solution  to  the  problem  is  formally  given  by  the  integral 

$(R)  = a J f G(R,R')r,_a  u(^*')d4’  da*  (II.  6) 

-00  vo 


Switching  to  spherical  coordinates,  i.e.,  setting  r = R sinO  and  zsRcosO, 
and  using  the  asymptotic  expression  for  the  Hankel  function  of  large  argument 
(i.e. , assuming  that  R is  large),  the  solution  reduces  to  a form  which  can  be 
integrated  by  means  of  the  method  of  stationary  phase  (cf.  Appendix).  Intro- 
ducing the  boundary  condition  (II.  1)  and  noting  that  p(R)  = juf^$(R),  the  following 
expression  for  the  sound  pressure  is  obtained: 


p(R»®) 


-jk  R 

P0CoC  ° »(koco®0) 

wR  sin 0 ir2,,(koa  sin 0) 


(II.  7) 


where  u(kQcosO)  is  the  Fourier  transform  of  the  boundary  condition 


u(£)  = U ejwt 


|Jc. 

cxp[  ( ” “2iT " ^ki  + d* 


jUeM  l-exp[  -np-Znirjtl-#^ 

=“^q (W/ty'-Wi* " 

evaluated  at  t-  k cos  0. 

o > 


(U.  8) 


Upon  substitution  of  this  transform  in  Eq.  (II. 7),  the  final  expression 
for  the  sound  pressure  becomes 


p(R,0) 


PoCoUexp^^-lCoR^^O)  + S^a  sin  Q)-nr(®l]  • 
»ki[(l-£— co»  RsinejH^kpasinO) 

O 

[ 1 +e"^nP-2e~n,kcos  2nir(l- ~ cosO)]^ 

c 


(II.  9) 
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where 


6j(koa  sin©)  = tan’l[  -J^^a  •inO)/H1(kQa  sin©)] 


P(0)  = tan 


-1 


2w(  1 - ~ cos©) 

Y(0)  * -tan"1  |»in2nw(l cos  0)/[  e*411  - cos  2nir(l-c— cos  0)jj> 


The  angular  distribution  of  sound  energy  is  obtained  by  normalizing  this 
expression  with  reapect  to  the  on-beam  pressure: 


P(R.  0) 

2 

p-  — i 

2 

-&**<&* 

pjk*  d1) 

irkQa  sin  ©Ih^^*  *in«)  | 

(l.c—co.«)2+<£|2 

o 

(II.  10) 


The  four  parameters  which  determine  this  ratio  are  kQa,  c./co>  n,  andp. 
The  effect  of  kQa  is  negligible  as  seen  from  Figs.  II. 2 and  11.3.  Even  though 
these  patterns  were  computed  for  a semi-infinite  source  (i.e.,  n = oo),  this 
general  conclusion  will  be  shown  to  hold  for  a finite  source.  The  fundamental 
feature  of  the  end-fire  source,  i.e.,  that  its  pattern  is  essentially  independent 
of  frequency  and  source  diameter,  is  thus  established. 

These  two  figures  also  illustrate  the  other  fundamental  fact  that  end-fire 
directivity  is  achieved  only  when  (cj/cQ)  is  approximately  equal  to  unity. 

When  c./cQ  is  as  little  as  15  per  cent  off,  as  for  the  pattern  in  Fig.  II.  3, 
radiation  becomes  non-directive.  When  Cj/cQ  i*  larger  than  unity,  the 
pattern  has  two  prongs,  as  shqwn  in  Fig.  II.  4 ( and  as  discussed  in  Chap.  I). 
Even  in  a source  only  15  or  20  wavelengths  long,  the  angular  separation 
between  the  two  prongs  apprpaches  very  closely  the  value  of  twice  the  vertex 
angle  of  the  conical  wave  generated  by  an  infinite  cylinder  (i.e. , cos_1c  /cj). 

The  absolute  value  of  the  length  of  the  source  is  not  as  significant  as 
the  quantity  n = L/X.jii.e.,  the  length  of  the  source  measured  in  wavelengths. 

If  maximum  directivity  is  desired,  and  assuming  that  c^/cQ  — 1,  there  is  a 
certain  optimal  source  length  n which  yields  essentially  as  much  directivity 
as  a semi -infinite  source.  It  is  therefore  not  economical  to  use  a source 
which  is  larger  than  this  optimal  length;  one  might  say  that  any  additional 
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source  length  is  of  sub-marginal  utility.  If  the  source  is  to  operate  over 
a certain  frequency  range,  its  absolute  length  L must  be  great  enough  so 
that  n will  not  be  smaller  than  this  optimal  value  even  for  the  lowest  operating 
frequency.  This  is  illustrated  quantitatively  in  Fig.  II. 5 (a)  and  (b).  These 
graphs  also  indicate  that  the  optimal  soprce  length  is  greater  when  p is  smaller; 
consequently,  as  a crude  rule  of  thumb,  the  optimal  value  of  the  product  (np) 
can  be  taken  to  be  roughly  a constant.  The  effect  of  source  length  on  the 
directivity  is  also  illustrated  in  Fig.  II. 6,  where  the  value  of  the  marginal 
length  increase  is  clearly  shown. 

The  effect  of  the  attenuation  p is  such  that  a directive  source  becomes 
more  directive  when  it  is  decreased,  provided  the  reduction  in  p is  accompanied 
by  an  increase  in  n.  This  effect  is  illustrated  in  Fig.  II. 7.  A reduction  in  p has 
a slightly  unfavorable  effect  if  the  source  length  is  not  increased  correspondingly. 
In  the  case  of  a two-pronged  pattern,  a reduction  in  p causes  the  prongs  to 
become  more  slender  and  more  pronounced. 

Analysis  of  the  Standing— Wave  Source 

Consider  now  a source  in  the  form  of  a cylinder  terminated  by  a 

* 

reflective  end  (Fig.  II. 2).  The  pressure  distribution  along  the  cylinder  lain 
the  form  of  attenuated  standing  waves.  Such  a source  is  inherently  more 
efficient  than  the  travelling-wave  source  since,  neglecting  frictional  losses, 
all  the  energy  provided  by  the  transducer  will  eventually  be  rpdiated  in  the 
form  of  sound  instead  of  being  absorbed  in  viscous  losses  The  new  difficulty 
that  arises  is  that  of  backfiring,  which  is  insignificant  in  the  travelling -wave 
source,  but  which  may  become  important  in  the  standing -wave  source,  for 
sufficiently  small  attenuation.  However,  the  nature  of  the  termination  has 
little  effect  if  most  of  the  energy  is  dissipated  before  the  wave  has  reached 
the  end  of  the  cylinder,  so  that  no  appreciable  backfiring  occurs  when  the 
product  (np)  is  sufficiently  large. 

The  standing-wave  pressure  p(s)  in  a "lossy"  tube  terminated  by  a 
perfectly  reflective  surface  is  (cf.  for  example.  Section  VI. 23  of  reference 
(7)). 

«U1) 


P(«>  * 2P0e^“*co,hki  (£  + j)« 
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where,  for  convenience,  the  reflective  end  of  the  source  hns  been  taken  as 
the  origin  of  a;  hence  the  pressure  amplitude  2Pq  would  be  measured  at  the 
reflective  end.  Setting  s = L it  is  found  that  the  pressure  amplitude  on  the 
surface  of  the  transducer,  at  the  driving  end  of  the  cylindrical  source,  is 


2P  (cosh^np  cos^2nw  + sinh^npsin*2in*]^ 


(11.12) 


The  dynamic  configuration  of  the  source  obeys  the  same  functional  relations 
with  the  variables  a and  t as  the  pressure  p(a).  Proceeding  as  for  the  travelling- 
wave  source  the  far  field  is  obtained  by  considering  an  infinite  cylindrical 
surface  having  non -homogeneous  boundary  conditions  in  the  region  0<T*<CL: 


u(a)  = 2Ue'lwtcoshki  (^  + f)*  for  s<0,"  a>L. 
u(a)  z 0 


(11.13) 


The  Fourier  transform  of  the  boundary  condition  is  obtained  by  introducing 
the  exponential  form  of  the  hyperbolic  cosine: 


u(£)  = U eiwt  J {exp[k.(£  + j)s]  + exp[  -k^-j^  + j)*jj  e^z  da 

jUe^  A-exp[ -np-2jnw(l- j£-)]  1 -exp[  np  » 2jn( It ^)] 


(II.  14) 


Setting  kQcosO  and  substituting  the  corresponding  value  of  the  trans- 
form in  Eq.  (II. 7),  one  obtains  an  expression  which,  after  much  manipulation, 
reduces  to 


p(A,0)  = p(R,  Q)+  + p(M)_  (II.  15) 

In  this  expression,  p(R,0)+  coincides  with  Eq.  (II.  9)  associated  with  a wave 
travelling  in  the  +a-direction;  p(R,0)_,  which  corresponds  to  a wave  travelling 
in  the  opposite  direction,  is  also  derived  from  Eq.  (II.  9)  by  using  -c^,  -k^  and 
-n.  The  expression  for  the  pressure  can  be  written  in  polar  form  as  follows: 

P(*.«)  ■ ||p(R.®)+|2+Jp(R,8).|2^|p<R.®)+  I*  |p(K,«)_|coa[y(0)+-y(Q)_- 
-P(0)+  + P(0)jr  exp  j[wt  - kcR  ♦ 6j(koasin0) «(0)]  (II.  16) 


Jig.  II.  5 (a).  Directivity  patterns  of  traveling -vara  sources  of  three 
different  lengths  (L  ■ 50  a,  n ■ 3*36;  L - 500  m,  n » 33*6;  sal  L ■ n ■<*>  ), 
normalised  to  the  on-team  intensity  of  the  semi -infinite  source  (L  »®),  for 
small  attenuation;  Cj/o0  - 0.99,  k0*  ■ 0.02,  and  0.0688. 


fig.  II.  5 (b),  Directivity  patterns  of  travelling -vave  sources  of  three 
different  leigths  (L  - 50  m,  n ■ 3.36;  L • 200  a,  n • 13.4,  and  L - n -a> ), 
normalised  to  the  on-team  intensity  of  the  semi -infinite  source  (L  «o 0),  for 
lsrge  attenuation;  o1/o0  - 0.99,  *0a  - 0.02,  and  /*.  0.2283.  then  this  figure 
is  oompared  with  figure  II. 3 (a),  it  is  seen  that  a larger  attenuation  reduces 
the  optimal  souroe  length. 


in*  13.43  tote  MM  33M  4030  47.01  3373  6043 


Fig.  II.  6.  On-bean  sound  intensity  of  traveling  vave  sources  of  finite 
length  L nomallsed  to  the  on-bean  sound  Intensity  of  a seal  -Infinite  source  fcr 
snail  and  large  attenuations;  c1/oc  • 0.99,  kQa  - 0.02 ,yu  . 0.0688,  and  yt i* 
0.2283.  This  figure  Illustrates  that.  If  the  attenuation  Is  ssnll,  a greater 
source  length  Is  required  to  take  full  advantage  of  the  end-fire  directive 
properties  of  this  type  of  source. 


Fig.  II.  7.  Directivity  patterns  of  traveling -vave  sources  of  two  different 
lengths  (L  - 200  n,  n - 13.  ^3,  and  L - 500  n,  n • 33.58)  and  two  different 
attenuations  (/*-  0.0688  and  0.2283);  oJoQ  - 0.99,  k0a  - 0.02.  These  patterns 
llluitrAti  that  a reduction  in  pi  accompanied  b y an  increase  in  length  results 

In  higher  end-fire  directivity. 
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where 


|p(R.«)+| 5^ r 

F i 1 irktR  sin  0 sin  0) 


1+ - 2e^n^co*  2nw(  1 + cos  0) 


n-r  +(i  + ~ co.o); 
4ir  o 


y (0)+  = tan 


ci 


, + ■in2nir(l  + —— cos  0) 

1 CQ 

+ n _ c. 

e~  ^ - cos  2wr(  1 +- — cos  0) 


(IM7) 


P(«) , = tan 


-1 


£ 


W--—  cos  0 
+ co 


, c(0)  = tan 


-1 


{- cot  [ 


ytO^-pty  tY (0).-P(0). 


0 


and  where  the  angle  6 is  defined  following  Eq.  (II.  9).  The  angular 
distribution  can  now  be  computed  from  the  following  ratio: 


|P(R.0) 

2 |p(R.©)+ 

2 + |p(R,Q)_ 

2 

2 

P(R.0)+ 

•|p(R,0)_ 

cos[Y(0)+-X«).-P(0)++P(#)J 

IpOM) 

lp(R.0)+ 

*+(p(R.0)_ 

2 

P(R.0)+ 

'|p(R.0)_ 

cos[Y(0)+-  X0)_-P(0)+^(0)J 

(II.  18) 


The  angles  \(0)+  and  0(0)+  are  obtained  directly  from  Eqs.  (II.  17)  by  setting 
cos  0 equal  to  unity.  The- expression  for  |p(R.0)  + j,  however,  must  be 
derived  in  a somewhat  more  complicated  fashion  "By  studying  the  limit  of 
|p(R,Q)+|  as  0 tends  to  zero: 


P(R,0)J 


PocoU* 

~jst  ■ 


l+e  + - 2e+n>i  cos  2nir  (1  + — )]* 

c 


z c.  t ; 

U%)  MiU)  ]» 


(II.  19) 


The  directivity  pattern  produced  by  the  standing-wave  source  shows 
that  this  source  is  equivalent  to  two  superimposed  travelling-wave  sources 
pointed  in  opposite  directions  and  whose  excitations  differ  in  phase  and 
magnitude.  The  effects  of  the  parameters  kQa,  c./c0,  n,  and  p on  the 
directivity  pattern  are  therefore  of  the  same  nature  as  in  the  case  of  the 
travelling-wave  source.  The  only  new  effect  is  the  backfiring  produced 
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bythe  p+(i.e.,  reflected)  radiation.  Equation  (II.  16)  indicates  that,  for  large 
values  of  (np),  pis  much  larger  than  p+.  Hence,  fora  source  withmuch 
attenuation  or  of  great  length,  the  nature  of  the  terminating  surface  has  little 
effect  on  the  radiation  pattern.  This  is  illustrated  in  Figs.  11.8  and  II.  9. 

The  frame  of  reference  and  the  coordinates  are  the  same  in  the  two  figures; 
i.e.,  the  patterns  obtained  from  the  analysis  were  rotated  180°  and  normalised 
with  respect  to  the  end -fire  sound  pressure  so  as  to  conform  to  the  conventions 
used  in  dealing  with  the  travelling-wave  source.  The  directivity  is  seen  to  be 
fairly  high,  but  could  be  improved  considerably  in  the  case  of  the  source  with 
small  attenuation  (Fig.  II.9)  by  using  a greater  source  length. 

Various  kinds  of  devices  can  be  used  to  reflect  the  back-fired  energy 
forward.  In  general,  however,  this  should  not  be  necessary,  as  a source 
which  is  long  enough  to  give  good  end-fire  directivity  will  have  little  back- 
firing. In  other  words,  in  a well-designed  source,  with  an  adequately'large 
value  of  (np),  it  is  immaterial  whether  the  termination  is  reflective  or 
absorptive. 

An  End-Fire  Source  in  the  Form  of  a ^Battery  of  Partly  Occluded  Cylinders 

It  will  be  seen  in  (Chap.  IV)  that  the  major  difficulty  encountered  in 
designing  the  two  types  of  sources  analysed  above  is  to  achieve  the  con- 
dition Cj  cQ,  required  for  good  directivity.  In  the  case  of  a source  in  the 
form  of  a fluid-filled  hose,  the  difficulty  derives  from  the  fact  that  no  liquid 
suitable  for  usage  in  the  fluid  column  has  a sound  velocity  considerably  in 
excess  of  that  of  water  (i.e.,  of  cQ);  hence,  the  equality  c^<*  cQ  requires 
a tube  with  stiff  walls,  i.e.  , a condition  which  severely  limits  the  rates  of 
sound  radiation  which  can  be  achieved.  This  difficulty  can  be  circumvented 
by  a stratagem  to  be  discussed  in  (Chap.  IV),  which  is  to  operate  the  hose 
above  resonance,  i.e.  , to  use  a mass-controlled  hose  wall.  The  device 
here  described  avoids  this  difficulty,  as  it  calls  for  a value  of  c . / c = 1/2. 
This  condition  can  easily  be  achieved  by  using  the  same  fluid  in  the  hose 
as  in  the  surrounding  medium,  operating  the  hose  below  resonance,  and  using 
a fairly  flexible  hose  wall  (cf.  Chap.  IV).  The  drawback  of  this  type  of 
source  is  that  at  least  four,  preferably  eight,  hoses  are  required.  This 
source  can,  of  course,  also  be  in  the  form  of  a solid  rod  as  of  an  elastic  shell. 


Fig.  II.  8.  Directivity  pattern  of  the  standing -wave  source  for  large 
attenuation;  c1/cQ  » 0. 99,  k0a  » 0.02,  n ■ lU.l,yU  « 0.2283.  Backfiring 
Is  unimportant  because  most  of  the  energy  is  dissipated  before  the  waves 
reach  the  refleotlve  termination. 


Fig.  II, 9.  Directivity  patterns  of  the  standing ^wave  source  for  man 
attenuation;  ct/c0  - 0.99,  *0a  » 0.02,  n « 0.02283.  Backfiring 
is  considerable.  Termination  of  the  cylinder  is  of  Importance  when,  as  In 
the  present  oase,  (n yu)  Is  relatively  small. 
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The  source  consists  of  a battery  of  fdur  partly  occluded,  staggered 
tubes.  The  radiating  windows  are  located  at  intervals  of  two  wavelengths 
X ^ and  measure  one  half-wave  length.  They  play  the  role  of  the  point  sources 
in  an  end-fire  array.  By  properly  staggering  the  tubes,  and  by  using  ap- 
propriate phase  angles  between  the  pressure  waves  injected  into  each  tube, 
high-end-fire  directivity  can  be  achieved.  There  are  several  combinations 
which  yield  satisfactory  results.  It  is  possible  to  improve  the  directivity 
pattern  of  any  such  combination  still  further  by  using  two  batteries  of  four 
tubes.  By  properly  adjusting  their  phase  relationship  in  space  and  time 
one  can  completely  eliminate  either  backfiring  or  broadside  radiation.  A 
source  which  combines  end-fire  directivity  at  small  kQa  with  large  rates 
of  sound  energy  radiation,  thus  appears  to  be  practicable.  The  mathematical 
theory  required  to  calculate  the  directivity  pattern  of  this  type  of  source  will 
now  be  developed. 

Consider  a fluid  column  conducting  travelling  waves;  the  column  is 
bounded  by  a cylindrical  surface  which  is  flexible  (i.e.,  radiating)  over 
intervals  of  1/2X^,  separated  by  intervals  having  a length  of  3/2  X . , where 
the  cylindrical  surface  is  rigid,  and  therefore  non- radiating . (cf.  Fig.  II.  10). 
Using  the  customary  notation,  the  radial  velocity  of  the  tube  surface  is 

when  2mX*<z<2mX.  + X j/i 

with  0^m<-J--  1 (11.20) 

The  integer  m indicates  the  location  of  the  radiating  window  relative  to 
other  windows.  The  subscript  0 indicates  that  the  origin  of  coordinates 
coincides  with  the  driving  end  of  this  source,  i.e.  that  the  stagger  of  the 
other  sources  of  the  battery  is  measured  from  this  reference  source. 

The  phase  velocity  c.  is  larger  in  a tube  interval  bounded  by  rigid  walls 
than  in  an  interval  corresponding  to  a radiating  window,  and  the  attenuation 
|i  is  smaller.  These  local  variations  are  ignored  here,  and  average  values 
of  k^  and  p are  used. 

The  Fourier  transform  of  this  boundary  condition  is 


...  • -!rki  - V> 

uo(z)  = U c e 


uq(z)  v 0 elsewhere 
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where  (£)  ie  the  integral 

^ 4 


2mVi 


e-2mfie2mj(Xi^'2,r) 


dz 


v* 


, - % J«-p  *> 

1 - e e 


■£"ki  ♦ J(ki*£> 

Setting  k0  coeO,  this  integral  becomes 


01.21) 


(U.  2?) 


1m)  , -2m|i  -4mj4(«)J[p(Q) -710))  , . 

t7o  <koco*  * “* 2T~~ »[!+«  *-26  2 cos  6(0)  ]*  , 

kif^- + 6(0)2]-t 


where 


6(0)  w' w<  1 - cosO) 
co 


T'(O)  * tan'1  (II.  22a) 

^/Z- cos  6(0) 

and 

p(0)  = tan'1 

Th*  pressure  field  generated  by  this  source  is  given  by  Eq.  (11.7) 
after  substitution  of  the  value  of  ti(kQ  cos  0)  obtained  by  combining  Eqs.  (H.21) 
and  (II. 22a)* 


(r,o)  « ■ *»i«y ^ej)  jm,(k 

wR iin •] tin 0)1  J « ' ' 


coa  0) 


(11.23) 
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At  0 = 0,  the  pressure  is 


-I 

J R[p*+  44Z(0)]i  4b0 

(11.24) 


Normalising  the  pressure  p(0)  with  respect  to  the  pressure  at  0=0,  one 
obtains  the  angular  distribution  of  sound  intensity: 


Po(R,0) 

2 

2 

“ 

k air  sin  O 
o 

L 

n . 

H^k^a  sin  0) 
1 

2 

• It e'^e  Z cos  4(0) 

kz+«2(»)  ' 

1 + e ^-2e  4 cos  4(0) 


*0 

r- 

m=o 


e-2mpe-4mj4,0) 


r 1 


; e-2mtte-4mj4(0) 


m=o 


(11.25) 


Consider  now  the  field  generated  by  another  source  which  differs 
from  the  preceding  one  only  in  that  the  radiating  windows  are  all  displaced 
by  a certain  fraction  4* of  a wavelength.  The  boundary  condition  is  now 


tj)s)  = Ue  Zirvl  1 


u . = 0 elsewhere 


when  (2m  +4>)\i<*<(2m  + ^ +4)X  . 


with  Oism  - 1 


(11.26) 


It  is  easily  verified  that 


Hence 


j{m)  = J(m)e-^ 


p (R,0)  = p (R,0)  e‘»*  * e’j2  ^(0)  (II.  28) 

4* 


These  expressions  will  now  be  used  to  calculate  the  patterns  pro- 
duced by  the  combination  of  several  sources  of  this  type.  Since  c^/cQ  = 1/2, 
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each  source  taken  individually  is  non-directive.  End-fire  directivity  is 
obtained  by  staggering  the  sources  in  space  and  in  time  in  such  a way  as 
to  generate  favorable  interference  effects  which  tend  to  cancel  out  energy 
radiated  in  the  off-beam  direction  and  to  reinforce  end-fire  radiation. 
First,  two  combinations  (A  and  B)  of  four  sources  each  will  be  studied. 
Their  spatial  distribution  is  the  same,  but  the  phase  angles  between  the 
sources  are  different  for  the  two  combinations  (Fig.  11.10).  The  first 
combination  is  defined  as  follows: 

( 1)  Combination  A 


The  radiating  windows  are  staggered  as  follows: 


Hose  I: 

u(s)  * 0 

when  2m  X ^ < 

s<2mXi  + Xj/2 

II: 

u(x) 

" 2m  X.  ^ - 

Xj/4  <C  z < 2 mXj 

+ Xj/4.*,  * = 

III: 

ty*) 

" 2mX.  + 

Xj/2  < z < 2mXi 

+ X./.  «|>= 

IV: 

n(z) 

" 2mX.  + 

Xj/4  < z < 2m X ^ 

+3X^/4.*.  »|i= 

0 

-1/4 

1/2 

1/4 


The  phase  angles  are  adjusted  so  that  the  waves  in  hoses  II  and  IV  lag  90° 


behind  the  waves  in  hoses  I and  III. 


From  Eq.  (11.28)  it  is  found  that  the  pressures  generated  by  the 
individual  hoses  are  related  to  the  reference  pressure  pQ,  given  in 
Eq.  (11.23),  as  follows: 

Pi  * p0- 

%*-iP0e  • 

% * P0e  ' J 

*nd  i«8>/2 

Plv'^Po'  * 

Combining  these  four  quantities,  one  obtains  the  following  expression  for  the 
sound  field  generated  by  th$  battery: 

Pa(R,«)  zp0(R.«)[2  + 2coa*<e)  +4co.i-2^i-  + 

+ 4. in  4(0)  eJvA<" 
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where 


v A(0)  * tan 


(11.30) 


In  performing  this  addition,  the  factors  and  are  assumed  to  be 

unity,  i.e.  , it  is  assumed  that  no  attenuation  occurs  over  a length  of  hose 
corresponding  to  the  stagger  between  radiating  windows.  This  approximation 
is  justified  in  practice,  because  this  stagger  corresponds  to  a small  length  of 
non-radiating  hose,  over  which  the  attenuation  is  much  less  than  the  average 
value  of  p.  Expression  (11.30)  can  be  normalized  with  respect  to  the  pressure 
at  0 = 0 to  obtain  the  angular  sound  intensity  distribution.  For  Cj/cq  = 1/2, 
this  distribution  becomes 


pA(R.0) 

2 

P0(R.«) 

2 

_1_ 

PA(k,0) 

P0(R.o> 

+ cos  4(0)  + 2 cos 


^4(0)/2  + 2 sin  4(0)  cos  4 

TTT? 


(H.31) 


The  directivity  pattern  is  plotted  in  Fig.  11.11  . This  source  is  seen  to  be 
fairly  end -fire-directive,  except  for  the  tendency  to  backfiring.  This 
condition  can  be  remedied  by  combining  two  four-hose  sources,  as  described 
below. 

(2)  Combination  B 

The  radiating  windows  are  staggered  as  in  combination!  A.  The  phase 
angles  between  the  waves  in  the  individual  cylinders  are  as  follows:  Hoses  I 
and  III  are  in  phase,  hose  II  lags  90°,  and  hose  IV  leads  90°.  Tfis  pressures 
generated  are: 

PI  = po 
■>11 

pm  * poe" 

and  u 

Combining  these  quantities,  the  resultant  sound  field  pressureis  found: 


S -j4(0) 


(11.321 


Pg(R,0)  m po(R,0)[  2 +4  sin^  + 2 cos  4(0)  +4  sin  4^ + 


(11.3.3) 


TM34 


-20- 


where 


+ 4 coa  4(0)  sin 


= tan"1 


Z2&4191 

1 + cos  4(0)  + 2 sin 


Normalising  this  express  ion,  with  respect  to  the  value  at  0 = 0,  and  setting 

ct/cA  = 1/2,  one  obtains: 

1 o 


pp(R,0)  h*  lpo(R,0) 

igm  I "|p^oy 


[1  + 2 sin2  w-  + cos  4(0)  + 2 sin  + 2 cos  4(0)  sin  ^1^)] 


TTTT 


(11.34) . 


The  corresponding  directivity  pattern  is  plotted  in  Fig.  11.12 . The  pattern 
is  less  desirable  than  that  produced  by  combination  A,  but  two  four —bo  se 
sources  of  this  type  may  be  combined  to  produce  satisfactory  patterns,  as 
shown  below. 


It  is  possible  t'  tiprove  these  directivity  patterns  by  combining 
two  four-hose  batteries  in  such  a way  as  to  eliminate  either  off-beam  or 
backfire  radiation.  In  the  following  the  pressure  of  the  sound  field  generated 
by  one  battery  of  four  hoses  is  designated  by  the  symbol  jt^  (which  may  be 
equal  to  p^  or  p^,  according  to  whether  combination  A or  B is  used). 


(1)  Combination  a 

Combination  a consists  of  two  batteries,  of  four  hoses  each,  which 
are  180°  out  of  phase  (cf.  Fig.  11.13).  In  space,  the  two  batteries  are 
displaced  one  wavelength  with  respect  to  each  other  (i.e.,  ijj  = 1).  The 
sound  field  is  given  by  the  equation 


Pa  = *4  ‘ P4 


-2j4(0) 


, jflr(0) 

= p4[2- 2 cos  24(0)]*  e a 


(II.  35) 


where 


Normalising  the  sound  pressure  becomes,  for  c^/cQ  = 1/2, 
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Fig.  II.  11.  Directivity  pattern  for  a battery  of  four 
oyUsdere,  oo^lnatlon  A,  kQa  - 0.1,  n » Jb,  o^/o  ■ 0.5, 

* 0.  XO. 
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Jig.  11.12.  Directivity  pattern  for  a battery  of  four 
cylinders,  ooablnatlon  B,  k0a  ■ 0.1,  n • 3k,  °^/°0  ■ 0.5, 
0.10. 


COMBINATION  a 
Two  batteries 
180°  out  of  phase 


COMBINATION  $ 


No  staggering 


Xi 


Battery  I 
Battery  2 


in  phase 


COMBINATION  y 


3 

Battery  I 

Battery  2 


in  phase 


lie*  II . 13.  Three  poeelble  coablnatlone  of  two  four-hoae 
batterlee. 
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Pq(R.?‘) 

2 

P4(K.8) 

2 

Pa(M) 

P4(R,0) 

(11.36) 


The  corresponding  directivity  patterns  are  plotted  in  Figs.  11.  14  and  11.  15, 
for  p4  = pA  and  p4  m Pg,  respectively.  It  is  seen  that  broadside  radiation  is 
eliminated. 

(2)  Combination  0 

The  two  batteries  are  in  phase  and  displaced  one  half-wavelength 
(i.e.,  i|>s  1/2).  Hence, 

,-MO) 


where 


Pp  = P4+P4e 

= p^( 2 +2cos ^(0)]i  e^ 

<£(Q)=tan_1  -j 


Normalising,  this  becomes 


(11.37) 


fag” 

2 f>4(R.«) 

|ppiK,or 

|pjor 

(l+cos0(O)] 


(11.38) 


This  is  plotted  in  Figs.  11.16  and  11.17  for  p4  = pA  and  p^,  respectively. 

It  is  seen  that  this  combination  has  the  same  effect  as  combination  a 
in  eliminating  broauside  radiation,  but  is  more  directive. 

(3)  Combination  y 

The  two  batteries  are  in  phase,  and  displaced  one  third  of  a wavelength 
( ^ = 1/3).  Hence: 


-jfrf(O) 

pv=p4e  +P4 


(II.  39) 
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Normalising,  this  becomes 


ipy(R,9)  2 p4(R,0)  2 2 + 2cos|4(0) 

p^noT  s Pinr.o)  — 3 


(11.40) 


This  is  plotted  in  Figs.  11.18  and  11.19  for  p4  = p^  and  p^  respectively. 
It  is  seen  that  this  combination  yields  a very  favorable  pattern:  Broad- 
side radiation  is  reduced,  and  backfiring  is  eliminated. 


A factor  which  has  been  considered  is  the  effect  of  source  length  on 
the  directivity  pattern.  Approximately  halving  the  source  length,  while 
keeping  (np)  constant,  causes  only  a moderate  loss  in  directivity.  This 
is  illustrated  in  Fig.  11.20  for  combination  A. 


There  are,  no  doubt,  many  other  combinations  which  will  produce 
other  and  probably  more  desirable  directivity  patterns.  Among  those 
investigated,  the  four  hose  combinations  generate  patterns  which  are 
definitely  inferior  to  those  produced  by  the  single  sources  studied  earlier 
in  this  chapter.  However,  two  of  the  eight  hose  combinations  are  of  inter- 
est: combination  A-p,  which  eliminates  broadside  radiation,  (Fig.  11.16) 
and  combination  A-a  which  eliminates  backfiring  (Fig.  11.18).  Unfor- 
tunately, these  advantages  are  largely  neutralised  by  the  inconvenience  of 
the  cumbersome  system  of  sources  required.  Until  the  designs  in  Chap.  IV, 
which  are  based  on  the  requirement  c^  = cQ,  are  proven  to  be  impractical, 
this  type  of  source  will  not  be  considered. 


Fig.  11.15.  DlreotlYitj  pattern  for  two  four-hoe®  bat- 
teries, combination  B -CE,  *0a  - 0.1,  n - Jh,  o^/oQ  « 0.5, 
/£-  0.10. 
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Fig.  11.16.  Directivity  pattern  for  two  four -hose  hat* 
terlee,  ooAination  A -fi,  kQa  .0.1,  n - 3k,  oJq'q  . 0.5, 
/*-  0.10. 
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71g.  II.  17.  Directivity  pattern  tor  two  four-hoee  bat* 
terlea,  ocablnatloo  B - y8  , k0a  - 0.1,  n » 5k,  ©1/c0  - 0.5, 
/Um  0.10. 
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fig.  II.  18.  Direotirity  pattern  for  two  four-hoee  bat* 
terlea,  ooablnatlon  A -y , kQa  ■ 0.1,  n ■ 34,  o1/oe  ■ 0.5, 

- 0.10. 
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Fig.  11.19.  Directivity  pattern  for  two  four-hoee  bat- 
teriea,  combination  B -y , *0a  * 0.1,  n • Jb,  ci/°o  * °*5» 

flm  0.10. 
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Fig.  11.20.  Directivity  pattern  for  a four -hose  battery, 
combination  A,  kca  -0.1,  n ■ 18,  Cj/c0  ■ 0.5,  /*■  0.189. 

Sven  though  the  hoee  length  la  nearly  halved,  end-fire  direct- 
ivity la  not  eonalderably  lees  than  for  the  pattern  in  Fig. 
11.11. 
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Chapter  1H 

Experimental  Verification  of  the  Theory 
Nature  of  the  Experimente 

The  moet  interesting  application  of  the  end-fire  source  is  its  use  as  an 
underwater  sound  source.  However,  the  theory  developed  in  the  preceding 
chapter  is  -valid  both  for  liquid  and  for  gaseous  media . It  was  therefore 
decided  to  carry  out  the  experimental  verification  of  this  theory  in  air, 
since  facilities  for  such  tests  were  immediately  available. 

The  tests  were  performed  in  the  anechoic  chamber  of  this  Laboratory 
by  means  of  the  installation  to  be  described  in  the  next  section.  In  these 
tests,  the  conditions  which  could  be  controlled  were  the  frequency,  and  the 
quantities  c.  and  p^by  filling  the  hose  with  a predetermined  mixture  of  air 
and  helium) . The  actual  value  of  was  obtained  experimentally,  as  was  the 
value  of  the  attenuation  p ; these  two  quantities  were  then  used  to  compute 
the  theoretical  directivity  patterns  which  were  to  be  checked  against  the 
experimental  patterns.  The  experimental  measurements  were  therefore 
of  two  types:  (l)  measurements  of  c^  andp,  and  (2)  recording  of  the  direc- 
tivity patterns . 

Description  of  the  Experimental  End-Fire  Source 

The  radiating  surface  of  the  source  consisted  of  a hose  which  was  built 
up  by  winding  a strip  of  "saran"  (vinylidene  chloride)  on  a brass  rod,  in 
helical  form.  The  saran  strip  had  previously  been  painted  with  cement ' 
over  a width  of  approximately  1/8  in.  adjacent  to  the  edge  of  the  strip; 
since  the  coils,  of  the  helix  overlap  slightly,  an  airtight  cylindrical  surface 
is  thus  formed.  The  brass  rod  was  then  removed.  The  diamecer  of  this 
hose  is  0.616  in.  and  its  length  51  in.  The  hose  wall  thickness  is  0.0007 in. 
The  hose  is  terminated  by  a brass  plug.  In  view  of  the  reflective  character 
of  this  termination,  this  end-fire  source  is  of  the  standing-wave  type.  A 
slight  tension  is  applied  to  the  hose  by  means  of  a tension  spring  acting  on 
a thin  rod  screwed  into  the  brass  plug.  (cf.  Fig.  Ill.l).  This  rod  is  freely 
supported  by  two  pulleys . 
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The  driving  end  o f the  hoee  is  cemented  to  a braes  tube  which,  in  turn, 
is  connected  to  a Western  Electric  type-555  loudspeaker . The  sound  waves 
generated  by  this  source  travel  u|p  the  relatively. rigid  brass  tube,  without 
appreciable  attenuation.  Forthe  values  of  k0a  encountered  in  these  teats, 
only  the  aero-order,  quasi -plane  mode  is  capable  of  propagation,  (cf . next 
chapter).  This  system  is  mounted  on  a turntable  supported  by  a carriage; 
hence*  both  translational  and  rotational  motion  are  possible. 

The  pressure  in  the  oaran  hose  is  controlled  as  follows:  Air  from  the 
high-pressure  air  main  is  fed  through  a regulating  valve  into  a rubber  hose 
which  is  terminated  by  a T-type  connector,  one  branch  of  which  leads  to 
the  brass  tube -saran  hose  system.  The  other  branch  performs  the  function 
of  a vent  opening  to  a water  column  in  a graduated  glass . By  adjusting  the 
regulating  valve  so  as  to  cause  slowly -forming  bubbles  to  emerge  from 
this  vent,  the  gas  pressure  of  the  system,  measured  in  inches  l^O,  is 
approximately  equal  to  the  height  of  the  water  column  above  -the  vent.  The 
gas  pressure  can  thus  be  conveniently  controlled  by  varying  the  amount  of 
water  in  the  graduated  glass.  During  tests,  the  gaseous  contents  of  the 
system  are  constantly  renewed  by  allowing  the  gas  to  escape  through  a 
small  exhaust  vent  in  the  terminating  plug,  thus  causing  the  gas  to  flow 
down  the  saran  hose  at  a slow  rate.  This  arrangement  is  actually  intended 
for  tests  where  not  pure  air  but  an  air -helium  mixture  is  used,  so  as  to 
avoid  a gradual  change  in  the  proportions  of  the  two  gases  owing  to  helium's 
greater  ability  to  diffuse  through  the  saran  membrane. 

Owing  to  the  elastic  character  of  the  saran  hose,  the  sero-order  mode 
phase  velocity  for  waves  travelling  along  the  gas  column  is  somewhat 
smaller  than  the  sound  velocity  in  the  surrounding  space  when  pure  air 
is  used  in  the  tube -hose  system  (cf.  Chap.  IV).  In  order  to  raise  the  - 
phase  velocity  to  the  value  of,  or  somewhat  above,  the  sound  velocity 
in  air,  it  is  necessary  to  introduce  a small  proportion  of  helium  into  the 
air  in  the  system.  The  desired  ratio  of  the  two  gases  is  achieved  by  feeding 
each  of  them  into  a balloon,  and  by  controlling  their  rate  of  flow  (by  means 
of  a rotometer)  and  the  time  interval  of  flow  (by  means  of  a stopwatch). 

The  gaseous  mixture  is  then  fed  into  the  system  by  applying  an  appropriate 
pressure  to  the  balloon;  the  pressure  in  the  system  is  again  controlled  by 
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means  of  the  water  pressure  above  the  vent  opening  into  the  graduate. 
Instrumentation 

In  the  first  test,  the  phase  velocity  Cj  and  the  attenuation)!  are  measured 
by  recording  the  axial  pressure  distribution  of  the  standing^wave  system  in 
the  saran  hose.  The  sound  pressure  is  measured  by  a small  microphone 
located  at  right  angles  and  close  to  the  saran  hose  (cf.  Fig.  III.  2);  during 
the  test  the  hose  is  made  to  travel  at  a steady  rate  past  the  microphone. 

A record  of  sound  pressure  versus  axial  displacement  is  thus  obtained,  from 
which  it  is  possible  to  calculate  c^  and  p . 

The  translational  motion  of  the  aarsn  hose  is  brought  about  by  causing 
the  carriage  which  carries  the  hose  to  travel  along  a track  coinciding  with 
one  axis  of  symmetry  of  the  anechoic  chamber  (cf.  Fig.  III.  3).  The 
. carriage  is  driven  by  a motor  connected  to  one  of  the  wheels  by  means  of  a 
belt  (cf,  Fig.  III.  1).  This  sketch  also  shows  that  the  translational  motion 
of  the  carriage  is  related  to  the  rotational  motion  of  the  turntable  by  means 
of  a wire  causing  the  turntable  to  turn  as  the  carriage  moves.  The  rotation 
of  the  table  is  fed  into  a synchro  which  correlates  it  with  the  signal  from 
the  microphone.  The  carriage  drive  motor  is  controlled  by  a servo  ampli- 
fier (cf.  Fig.  in.  2). 

The  microphonia  which  is  wrapped,  like  most  other  testing  equipment, 
in  glass  fiber  to  minimise  sound  reflection,  receives  the  pressure  signal 
through  a small  probe  extending  to  approximately  1/2  in.  of  the  hose  wall. 
The  microphone  signal  is  amplified  and  processed  by  a UTC-4C  filter.  It 
then  actuates  a power  level  recorder  which  is  linked  to  a synchro  which 
in  turn  is  connected  to  the  turntable  synchro  and  to  the  servo-amplifier 
(cf.  Fig.  III.  2).  The  recording  system  described  traces  a record  of 
sound  intensity  versus  carriage  (or  turntable)  position. 

Directivity  patterns  of  the  end-fire  source  are  obtained  by  rotating 
the  source  and  measuring  the  sound  pressure  by  means  of  a stationary 
microphone  located  at  the  far  end  of  the  track  (c£  Fig.  III. 4:  in  this 
photograph  the  track  is  covered  with  a layer  of  glass  fiber).  The  distance 
from  the  source  to  the  microphone  is  at  least  120  wavelengths,  thus 
justifying  the  "far-field"  assumption.  Since  the  source,  and  hence  the 
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sound  field)  ere  symmetrical  with  respect  to  the  cylindrical  axis,  it  is 
sufficient  to  explore  the  sound  field  in  one,  vis. , the  horisontal  plane. 
Rotation  of  the  saran  hose  is  achieved  by  mounting  the  loudspeaker  and 
brass  tube  at  the  hub  of  the  turntable.  The  rotational  position  of  the 
table  is  correlated  with  the  microphone  signal  as  in  the  preceding  test. 

Observed  Directivity  Patterns 

Figures  111.  5 and  III.  6 show  directivity  patterns  for  a sarah  hose  filled 
with  pure  air;  as  mmtioned earlier  the  ratio  Cj/C0  1*  loss  than  unity  in  this 
case.  The  values  of  p and  given  in  these  figures  are  experimental  and  ' 
were  measured  in  the  way  described  in  the  preceding  section.  The  value 
of  frequency  (and  hence  of  kQa  and  n)  was  obtained  by  comparing  the  loud* 
speaker  input  with  a standard  frequency  signal.  The  smooth  curves  in 
Figs.  HI. 5 and  in.  6 are  directivity. patterns  computed  by  means  of  £q. 
(fl.lfiand  using  the  observed  values  of  and  p . The  agreement  of  the 
experimental  and  theoretical  curves  will  be  discussed  in  the  next  section. 
The  directivity  of  these  patterns  could  have  been  improved  by  using  q 
value  of  Cj/co  of  exactly  unity  and  a somewhat  longer  source. 

Figures  III. 7 and  HI.  8 show  directivity  patterns  obtained  when  c^/co>l, 
i.e. , when  a small  amount  of  helium  is  mixed  with  the  air  in  the  saran  hose. 
The  two  prongs  in  the  pattern  may  be  interpreted  as  the  trace  of  the 
approximately  conical  wave  produced  by  the  source  under  these  conditions 
(cf.  Chap.  I). 

When  the  sound  waves  travelling  up  the  brass  tube  are  allowed  to  radiate 
directly  into  epace,  without  the  intermediary  of  the  saran  hose,  the  mouth 
of  the  brass  tube  constitutes  a sound  source  approximately  equivalent  to 
a vibrating,  circular,  bafflelese  piston.  The  directivity  patterns  produced 
in  this  fashion  at  the  two  test  frequencies  are  shown  in  Fig.  UI..9*  They  are 
almost  completely  nondirective,  as  was  to  be  expected  from  the  small 
values  of  koa.  Comparison  of  this  figure  with  the  four  preceding  ones 
illustrates  how  a nondirective  source  can  be  made  directive  by-the  simple 
device  of  using  it  to  drive  an  end -fire  source,  instead  of  allowing  it  to 
radiate  directly  into  space . 


Tig.  HI. 3.  Ixperlaontal  installation  for  tbe  — mm wit  of  and yu.  in  tbe 
Sana  boat.  The  oarrlage  and  Microphone  are  oovered  with  aoond  absorptive  notarial. 
During  tbs  tost,  tba  nloropbona,  which  Is  Mounted  an  a tripod,  roaains  stationary, 
while  tbs  Sana  boss,  which  is  attached  to  tbs  oarriage,  travels  past  tbs  nloropbone 
probe  (tbs  probe  Is  tbs  narrow  tube  pointed  at  tbs  boss). 


rig.  Ill  • t#  IxpcrlMBtil  1 Mti>l  litlcp  for  thi  obumtioo  of  ilxtotlvltj 
pattarna.  lb*  atatlooarjr  alorophooa  la  aaaa  at  tha  far  and  of  tha  traok  (vhloh  la 
oorarad  with  abaorptlta  aatarlal) . Tba  braaa  tuba  laadlag  to  tha  Saran  hoaa  la 
aouatad  at  tha  hdb  of  tha  tumtablaj  durlag  tha  taet,  tha  tdbla  rotataa. 


fig.  III.  6.  Observed  and  confuted  directivity  patterns  for  the  condition  ci<c( 
The  frequency  Is  6000  c/s,  k0a  « 0.867,  °A/c0  - 0.99,^44  - 0.07,  and  n ■ 22.55. 
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Ditcuesion  of  Experimental  Results 

Comparsion  of  the  theoretical  and  experimental  patterns  in  Figs.  III.  5 - 
III.  8 shows  good  agreement  in  the  region  where  the  sound  pressure  is 
highf  i.e. , in  the  on-beam  region.  The  lack  of  .agreement  in  the  off-beam 
region,  where  the  sound  pressure  is  low,  is  probably  due  to  scattering  from 
the  test  rig  (i.e. , to  the  insufficiently. anechoic  behavior  of  the  test  area) 
and  to  other  sources  of  noise  This  is  suggested  by  the  "hash*? -Hite  appearance 
of  the  experimental  pattern  in  this  off-beam  region.  Owing  to  the  very  low 
sound  level  prevailing  there,  this  discrepancy  between  observed  and  theo- 
retical values  is  of  little  importance. 

A great  difficulty  in  comparing  theoretical  and  observed  directivity 
patterns  is  that  the  present  experimental  set-up  yields  only  inaccurate 
values  of  p . This  is  dne^t*  the  fact  that  the  system  supporting  the  hose, 
as  well  as  the  hose  itself,  tends  to  sway  back  and  forth  when  the  carriage 
is  set  in  motion.  As  a result,  the  distance  between  the  hose  wall  and  the 
microphone  probe  varies,  thus  causing  pressure  variations  not  related  with 
the  axial  pressure  distribution  in  the  saran  hose.  These  variations  could 
be  minimised  if  it  were  possible  to  locate  the  pTobe  at  a greater  distance 
from  the  hose.  However,  this  would  introduce  even  greater  difficulties 
in  that  the  sound  field  several  inches  away  from  the  hose  wall  is  not  related 
in  a simple  way  to  the  axial  pressure  distribution  in  the  hose,  since  all 
elements  of  the  hose  contribute  to  it.  When,  accidentally,  vibrations  were 
avoided  over  a significant  portion  of  the  total  length  of  travel  of  the  carriage, 
the  pressure  recorded  did  approach  the  form  of  a hyperbolic  cosine,  as 
stipulated  by  Eq.  (II.  11)  (cf.  Fig.  HI.  10).  Unfortunately,  the  record  in 
Fig.  HI.  11  is  far  more  typical.  In  a badly  distorted  record  such  as  this 
one,  it  is  still  possible  to  obtain  accurate  readings  of  wavelengths,  i.e. , 
of  c j.  This  is  illustrated  in  Fig.  HI.  12,  where  a number  of  readings  of  c^ 
are  plotted  as  a function  of  the  pressure  in  the  saran  hose  for  different  values 
of  helium  to  air  mass  ratio  r.  (It  is  seen,  by  the  way,  that  the  pressure  has 
only  an  insignificant  effect  on  c^ . ) 

A record  such  as  the  one  in  Fig.  IH.  11  can  be  used  to  obtain  a value  of  p 
by  analysing  the  envelope  of  the  curve  in  those  sections  where  the  pressure 
record  seems  not  to  have  been  disturbed  by  vibration,  i.e.,  in  sections 
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showing  an  approximately  exponential  decay.  Figure  111.13  indicates  the 
eeriousness  of  the  inconsistencies  found  in  a typical  set  of  data.  These 
points  show  only  a small  fraction  of  the  experimental  data;  in  general, 
no  coneistent  variation  of  p with  pressure,  mass  ratio  of  helium  to  air,  or 
even  frequency  within  the  4000-6000  c/s  range,  could  be  detected.  Owing 
to  this  inconsistency  in  the  observed  values  of  p,  the  following  procedure 
has  been  adopted:  When  the  two  or  three  values  of  1*  measured  under  test 
conditions  corresponding  to  those  of  the  particular  directivity  pattern  under 
investigation  show  reasonable  agreement,  their  average  value  is  used  in 
computing  the  theoretical  directivity  patterns . If,  however , the  data  are 
widely  scattered,  those  points  whose  contribution  to  the  average  value  of  p 
would  result  in  poor  agreement  between  the  experimental  and  theoretical 
directivity  patterns  are  omitted.  This  procedure  is  obviously  purely 
heuristic,  but  it  may  be  justified  by  the  following  considerations:  (11  when 
consistent  values  of  p are  obtained,  their  average  value  does  lead  to  a theo- 
retical directivity  pattern  which  is  in  good  agreement  with  the  experimental 
pattern;  (2)  an  inaccurate  value  of  p will,  in  general  alter  the  directivity 
pattern  less  than  a wrong  value  of  ci/cQ;  (3)  elimination  of  the  difficulty 
underlying  the  measurement  of  p (i.e. , vibration  of  the  hose)  requires 
laborious  and  time-consuming  changes  in  the  whole  test  rig,  such  as 
elimination  of  play  between  the  carriage  wheels  and  track,  a gradual 
starting  up  of  the  carriage,  etc.  The  accuracy  of  these  tests  could  be 
improved  by  measuring  the  pressure  along  the  cylindrical  axis  b^  means 
of  a small  movable  probe  eupported  by  a sleeve  at  the  center  of  the  brass 
plug  which  terminates  the  hose . 

It  is  found  that  the  pressure  in  the  hose,  and  the  axial  tension  applied 

to  the  hose,  have  no  consistent  effect,  provided  they  are  sufficiently  large 

to  insure  that  the  hose  wall  is  smooth  and  devoid  of  creases.  When  this  is 

not  the  case,  the  directivity  pattean  observed  is  nondirective;  when  c./ci  >1, 

1 o 

d.e. , when  the  pattern  (as  in  Fig.  III. 8)  displays  two  prongs,  the  prongs  are 
blunt  instead  of  slender.  This  condition  indicates  excessive  attenuation, 
probably  caused  by  frictional  effects  in  the  creased  saran  wall. 

Finally,  it  should  be  added  that  many  directivity  patterns  were  observed 
which  are  not  given  here,  and  which  were  not  checked  against  a computed 


Fig.  III.  10.  Observed  axial  praaaura  distribution  along  tha  Saran  boas  , 
in  tha  font  of  a hyperbollo  ooelaa.  This  type  of  reoard  la  used  to  asa sura 
&£  (l.a.  o1)  and  yu..  Tha  frequencies  ara  1300  0/0  (kQa  ■ 0.217)  and  2000  e/s 
(kQa  ■ O.269).  Tha  phase  velocity  was  raised  above  that  In  air  b y using  a 
Mixture  of  halloa  and  air  (aaas  ratio  Ha/alr  » 0.043)  . 


Fig.  III.  11.  Observed  axial  praaaura  distribution  along  tha  Saran  hose 
Illustrating  tha  disturbing  effeot  of  tha  variation  In  dlatanoe  between  tha 
hose  vail  and  tha  alorophone  probe  osused  by  svaylng  of  tha  brass  tuba-hose 
ays  tea.  Tha  frequencies  vara  4000  o/s  (kQa  ■ 0.378)  and  6000  o/s  (k0a  ■ 
0.867).  Pure  air  vaa  used  In  tha  hose. 
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Jig.  III.  12.  Phase  velocity  of  the  sero-on rder  node  In  a e tending -vats 
source  in  the  fora  of  a Saran  hoee  surrounded  by  air  and  filled  vlth  air  or 
a mature  of  be  11  ua  and  air  (r  • aase  ratio  He/alr);  the  abeolasa  ladloates  the 
pressure  in  the  hoee.  The  vail  thlokneas  la  0.0007  in. , the  radius  0.308  In. 
It  Is  seen  that  the  soatter  of  points  for  a given  value  of  r Is  relatively 


Jig.  III.  13.  Attenuation  per  wave  length  fi  In  a standing ^rave  source  In 
the  foxa  of  a Saran  hoee  surrounded  by  air  and  filled  vlth  air  or  a alxture  of 
hellun  and  air;  the  abscissa  Indicates  the  pressure  In  the  hose.  The  vail 
thlokneas  la  0. 0007  In. , radius  0. 308  In.  The  soatter  la  seen  to  be  consider- 
able. 
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pattern  because  of  the  great  amount  of  labor  involved  in  carrying  out  the 
necessary  calculations.  These  experimental  patterns  show  good  con- 
sistency and  were  reproducible  without  difficulty. 


TM34 


Chapter  IV 

Pesign  of  an  End-Fire  Source  for  Uee  Under  Water 
Nature  of  the  Deeign  Problem 

A practical  deeign  of  a low-frequency  end-fire  source  for  use  under  water 
will  now  be  discussed.  Essentially,  the  problem  is  to  determine  the  most 
convenient  means  of  building  a device  endowed  With  physical  parameters 
having  the  values  required  for  good  directivity.  It  was  found  in  Chapter  II 
that  the  conditions  to  be  fulfilled  are: 

5 

(1)  C|/c  «1.  i.e.,  CjStl.5  x 10  cm/ sec  (except  for  the  source 
in  the  form  of  a battery  of  partly  occluded  cylindrical  radiators, 

5 

where  c^—  0. 75  x 10  cm/sec. 

(2)  n larger  than  a certain  minimum  value  which  varies  ipversely 
as  p (of  the  order  of  15  to  35). 

(3)  a relatively  small  value  of  p (viz. , of  the  order  of  0.05  to  0.12) 

Condition  (3)  is  relatively  easy  to  satisfy.  It  is  simply  a matter  of  not 
allowing  the  energy  in  the  source  to  escape  too  rapidly  into  the  surrounding 
medium.  The  factors  determining  pwill  be  discussed  later  in  this  chapter. 
The  practical  lower  limit  of  p is  determined  by  the  attenuation  associated 
with  internal  friction  in  the  source.  Obviously  the  attenuation  owing  to 
radiation  should  be  considerably  larger  than  that  caused  by  friction,  if 
the  source  is  to  be  efficient.  If  the  source  is  in  the  form  of  a solid  elastic 
cylinder  this  requirement  may  be  quite  difficult  to  satisfy. 

Condition  (2)  can  be  complied  with  by  using  a sufficiently  long  source. 

At  low  frequencies  and  when  a very  small  value  of  p is  selected  as  as  to 
achieve  high  directivity,  the  source  may  be  impracticably  long.  Otherwise, 
this  requirement  does  not  present  any  difficulty. 

In  contrast,  condition  (1)  quite  difficult  to  satisfy.  The  difficulty  is 
two-fold:  (a)  few  liquids  have  a sound  velocity  as  high  as  that  of  water;  it 
is  therefore  difficult  to  achieve  a fluid-filled  elastic  hose  which  will  permit 
waves  to  propagate  in  the  zero-order  mode  with  a sufficiently  large  phase 
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velocity  (higher  mode*  of  propagation  are  inconvenient  for  aeveral  re  aeons ; 
see  below  for  a discussion  of  the  mechanism  of  propagation) . (b)  in  order 
to  take  advantage  of  the  fact  that  the  directivity  pattern  does  not  depend 
appreciably  on  frequency  (or,  more  exactly,  on  kQa)  the  phase  velocity. c^ 
should  also  be  frequency-independent  in  the  region  of  operation;  this  would 
permit  operating  the  device  over  a certain  range  of  frequencies  without  a 
change  in  the  directivity  pattern.  Since  the  mechanism  of  wave  propagation 
in  fluid-filled  hoses,  elastic  rods,  etc.  is  in  general  dispersive,  a system 
must  be  used  whose  dispersion  curve  is  level  in  the  desired  range  of 
operating  frequency. 

Different  systems  will  now  be  considered  to  determine  to  what  extent 
they  lend  themselves  to  our  purpose . 

Solid  Cylindrical  Rods 

In  view  of  the  first  difficulty  mentioned,  i.e. , the  large  value  of  cQ, 

the  first. though*  that  comes  to  mind  is  to  approximate  a phase  velocity  c. 

5 1 

of  the  order  of  1.5  x 10  cm/sec  by  using  elastic  waves  in  a solid,  elastic, 

cylindrical  rod  or  shell  constructed  of  metal  or  of  some  synthetic  substance. 

In  the  case  of  solid  cylinders,  only  longitudinal  waves  are  appropriate 
as  flexural  waves  result  in  a dipole  effect;  torsional  waves  are  not  suited, 
because  the  essentially  tangential  motions  they  generate  do  not  cause  sound 
radiation.  The  propagation  of  longitudinal  waves  in  cylinders  has  been  the 
subject  of  much  research.  Among  the  most  recent  investigations  is  the  one 
by  Davies  [ 8],  which  is  analytical  and  experimental,  and  the  one  by  Holden 
[ 9] , which  is  analytical.  The  general  problem  is  summarised  in  Chapter 
III  of  reference  [ 3]  . The  effect  of  the  surrounding  medium  on  the  wave 
propagation  has  been  analysed  by  the  author  (to  be  published) . 

The  dispersion  curves  of  the  first  three  longitudinal  modes  as  given  by 
Davies  [ 8]  are  reproduced  in  Fig.  IV.  1.  The  first  mode  appears  to  be  better 
suited  for  our  purpose  because  it  is  nondispersive  over  a wide  frequency 
range  and  because  its  stress  distribution  is  simpler  than  that  of  the  higher 
modes  (it  has  at  most  one  nodal  circle,  while  the  second  mode  has  one  or 
two  nodal  circles,  and  so  on).  This  mode  is  therefore  easier  to  excite  and 
frictional  losses  may  be  expected  to  be  smaller  One  of  the  two  frequency 
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ranges  where  the  first  mode  has  a fairly  frequency -independent  phase!  velocity 
is  approximately  defined  by  the  inequality  (a/A^)  > 0.8.  An  additional  in- 
centive for  working  in  this  region  is  that  the  longitudinal  wave  is  of  the 
nature  of  a Rayleigh  surface  wave.  The  stresses  accompanying  such  a 
wave  are  actually  restricted  to  the  outer  sldn  of  the  rod,  i.e.,  to  the 
region  which  is  instrumental  in  radiating  to  the  surrounding  medium. 

This  situation  is  very  desirable  because  the  energy  dissipation  by  friction 
in  the  metal  is  kept  at  a minimum.  The  phase  velocity  in  this  frequency 

region  is  also  that  of  the  Rayleigh  wave  (i.e. , of  the  order  of  0.6  c—^* 

5 ™ 

Since  this  phase  velocity  must  be  equal  to  1. 5 x 10  cm/s,  we  can  solve 

for  the  "bar  velocity"  c_  and  note  that  this  quantity  must  be  of  the  order 
5 H 

of  2.5  x 10  cm/s.  This  leaves  tin  as  the  only  suitable  metal.  There  are, 
of  course,  a great  number  of  plastics  which  have  the  desired  bar  velocity. 
From  the  condtion  that  (a/kj)  >0.8,  we  can  solve  for  the  rod  diameter 
D(  = 2a)  as  a function  of  the  minimum  desired  operating  frequency  (i.e.,  the 
frequency  for  which  aAj  = 0.  8).  Taking  = 1.5  x 10  /f,  the  required 
diameter  in  cm  is  found  to  be 


D = 2.4'l05/f  (IV.  1) 

It  is  seen  that  even  for  a 1-it  rod  the  minimum  frequency  would  be  8000  c /s . 
Hence  this  approach  is  not  practical  if  one  wishes  to  operate  at  low  frequency. 

A further  difficulty  is  that,  for  efficient  operation,  the  rod  must  be 
driven  by  a transducer  approximately  conforming  to  the  Rayleigh  wave 
stress  distribution,  so  as  to  avoid  exciting  the  higher  modes  to  an  appreciable 
extent.  This  could  be  achieved  by  using  a transducer  in  the  form  of  an 
annulus  exciting  only  the  peripheral  region  of  the  cylinder. 


Inspection  of  the  dispersion  curves  in  Fig.  IV.  1 suggests  that  a source 
suitable  for  very  low  frequencies  could  be  achieved  by  using  the  other 
plateau  displayed  by  the  first  mode  curve  in  the  region  0<aAj^&.  1*  The 
relation  between  the  rod  diameter  in  cm.  and  the  maximum  operating 
frequency  fmax  (i.e. , the  frequency  for  which  aAj  = 0.  1)  is  found  to  be 


D = 


3.0  • 104 

— I 

max 


(IV.  2) 


Tig.  17,1.  Dispersion  curves  of  the  first  three  nodes  of  propagation 
for  longitudinal  waves  In.  an  Infinite,  elastic  cylinder,  reproduced  from  a 
paper  by  Davies  (8).  The  phase  veloolty  Is  o,  which  In  the  notation  used 
In  this  nenorandun  Is  designated  by  oi  or  c£.  K Is  the  corresponding 
wave  length,  l.e,  In  the  present  notation.  The  ourre  labeled  (la)  Is 
based  on  Lord  Rayleigh's  approximate  theory. 
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It  if  seen  that  even  if  it  is  required  that  the  end-fire  source  operate  up 
to  1000  c/s  the  diameter  would  not  have  to  exceed  1 ft;  iq  other  words , the 
restriction  imposed  by  the  condition  a/Xj^O.  1 is  in  practice  no  restriction 
at  all  in  that  it  does  not  interfere  with  any  practical  design. 

Having  thus  disposed  of  the  restrictions  on  diameter  and  frequency  range, 

the  designer  must  compare  the  materials  having  a "bar  velocity"  of  the  order 
c 

of  1.5  x 10  cm/s  and  determine  if  any  of  them  are  suitable.  There  are  a 
large  number  of  plastic  materials  whose  "bar  velocity"  has  the  desired 
value.  Unfortunately,  most  of  these  materials  display  a large  amount  of 
internal  friction.  At  the  low  operating  frequencies  that  are  considered, 
the  frictional  effects  are,  in  general,  not  too  important;  however,  it  must 
be  remembered  that  attenuations  in  excess  of  approximately  1-2  db/X^  are 
objectionable  and  that  plastics  are  notoriously  lossy.  Not  the  least  difficulty 
is  that  the  information  on  low-frequency  attenuation  in  plastics,  and  in  solids 
in  general,  is  exceedingly  scanty. 

A variant  of  this  approach  to  this  problem  is  to  use  a gelatin-like  substance 
enclosed  in  a thin  hose.  Some  of  these  substances  display  low  attenuations  and 
have  the  proper  value  of  c^.  In  a sense,  this  sort  of  a system  is  equivalent 
to  a fluid-filled  hose,  but  avoids  the  basic  pitfall  of  such  a system  in  that  the 
cohesion  of  the  material  is  inherent  in  the  material  itself,  so  that  the 
stiffness  of  the  hose  wall  is  not  required  to  prevent  the  phase  velocity 
from  dropping  to  very  small  values . 

A tr..  .educe r for  driving  such  a rod  should  be  designed  to  excite  the 
whole  rod  section  in  phase  and  with  uniform  amplitude.  The  radial  dis- 
placement at  the  surface  is  entirely  caused  by  a Poisson-type  effect  which 
varies  linearly  with  frequency: 

d 2ir  v — for  small  */X.  (IV.  3) 

Xi  1 

This  is  a regrettable  situation  since  the  radial  displacement  component  u 
which  is  associated  with  sound  radiation  is  relatively  small  in  the  lowest 
frequency  range.  This  drawback  is  somewhat  attenuated  in  the  case 
of  gelatin-like  substances  which  have  a Poisson  ratio  of  nearly  1/2. 

An  advantage  of  operating  near  the  low-frequency  end  of  the  dispersion 
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curve  is  that  the  higher  modes  are  non-propagating;  the  dynamic  con- 
figuration of  the  transducer  need  therefore  not  conform  too  closely  to 
that  of  the  mode  to  be  excited. 


Cylindrical  Shells 

It  would  seem  that  the  use  of  axially  symmetrical  flexural  waves  propa- 
gating along  the  wall  of  a thin  shell  will  circumvent  some  of  the  difficulties 
presented  by  the  use  of  longitudinal  waves  in  a solid  cylindrical  rod:  (l)  the 
volume  of  material  stressed  is  small,  so  that  the  attenuation  owing  to  frictional 
loss  is  small  compared  to  attenuation  caused  by  radiation;  in  other  words, 
stress  distribution  is  most  desirable  because  the  material  under  stress 
lies  entirely  near  the  surface  which  is  instrumental  in  radiating  sound; 

(2)  the  phase  velocity  of  flexural  vibrations  is  determined,  at  least  in  a 
certain  frequency  range,  by  the  ratio  (h/a);  hence,  by  selecting  a sufficiently 
thin-walled  shell,  even  materials  having  an  inherently  high  sound  velocity, 
such  as  steel,  may  be  used. 


There  exist  on  wave  propagation  in  shells  a paper  by  Giebe  and 
Blechschmidt  [10]  presenting  experimental  results  (together  with  an  in- 
adequate analytical  study),  and  a recent  theoretical  analysis  [ 11].  Fig.  IV.  2, 
which  is  taken  from  the  latter  paper,  shows  the  dispersion  curves  for  the 
first  two  modes  of  propagation.  The  level  region  of  the  curve  connected 
with  the  first  mode  is  defined  by  the  inequality  l^a^l.  1.  This  region 
seems  particularly  attractive  for  two  reasons:  (l)  It  corresponds  essentially 
to  a flexural  mode  producing  mostly  radial  deformations  [11],  and  therefore 
lends  itself  to  sound  radiation;  (2)  the  phase  velocity  in  this  region  is 
determined  by  the  wall  thickness  as  seen  from  the  following  approximate 
expression 


c = 


[3(1-^)] 


(I  V.  4) 


The  designer  is  thus  free  to  use  a material  having  desirable  characteristics 
of  strength,  corrosion  resistance,  etc. , and  to  obtain  the  desired  phase 

5 

velocity  Cj  = 1.5  x 10  cm/s  by  selecting  the  proper  value  of  (h/a).  For 
example,  if  steel  is  selected,  one  finds  that  the  wall  thickness  diameter  ratio 
(=h/a)  must  be  0.0385.  This  value  is  perfectly  compatible  with  structural 


TM34 


-35- 


requirera'ents . 

As  in  the  case  of  elastic  rods,  the  diameter  is  related  to  the  desired 
frequency  range  by  the  restriction  imposed  on  the  values  of  k^a  (or  a /*j). 
Inspection  of  Fig.  IV.  2 shows  thfct  we  must  have  kwa>l . 1,  or  (for  v * 0.  27) 

D >0.364  Cf-m—  (IV. 4(a)) 

For  a one-foot  steel  shell,  the  minimum  frequency  is  approximately  6QOO  c/s. 
This  quantity  is  somewhat  smaller  than  the  previously  found  minimum  fre- 
quency for  the  Rayleigh  wave -type  of  mode  in  solid  rods  (the  frequency  limit 
can  be  reduced  further  by  using  a plastic  instead  of  steel).  If  the  designer 
is  interested  in  this  medium  frequency  range,  the  shell  is  much  preferable 
to  the  rod:  The  quantity  of  material  to  be  used  is  a small  fraction  of  that 
required  for  the  rod.  This  reduces  cost  of  manufacturing  and  installation; 
it  also  reduces  attenuation  owing  to  internal  losses.  In  addition,  a flexural 
mode  of  this  type  is  easy  to  excite;  a radially  expanding  transducer  can  be 
used  for  this  purpose.  In  summary,  a thin  metal  shell  constitutes  a practical 
solution  for  producing  frequencies  of  the  order  of  6000  c/s.  The  merit  of 
this  solutionfs,  however,  invalidated  to  some  extent  by  the  fact  that  the 
corresponding  kQa  is  large  enough  so  that  even  a comparable  piston-type 
source  would  be  directive.  However,  the  shell -type  source  •till  retains 
two  great  advantages  over  the  piston-type  source:  (1)  the  directivity 
pattern  is  frequency  independent  over  a large  range;  (2)  the  situation 
with  respect  to  cavitation  is  very  favorable,  even  more  so  than  for  the 
fluid-filled  hose  design  since  there  is  obviously  no  cavitation  problem 
connected  with  the  transducer  driving  the  cylinder. 

The  second  mode,  in  Fig.  IV .Z  is  less  desirable  for  the  medium 
frequency  range  than  the  first  one  because  it  excites  mostly  axial  (i.e., 
nonradiating)  displacement  components. 

In  the  preceding  section,  it  was  found  that  very  low  frequencies  could 
conveniently  be  excited  by  using  the  initial  plateau  of  the  zero-order  mode 
dispersion  curve  of  the  solid  rod.  The  restrictions  on  the  bar  velocity  of 
the  material  are  exactly  as  in  the  case  of  the  solid  rod,  i.e. , metals  cannot 
be  used.  The  shell  design  also  shares  with  the  solid  rod  approach  the  in- 
convenience that  radial  displacements  are  very  small,  the  ratio  of  radial  to 
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axial  displacement  in  the  lowest  frequency  range  being  given  again  by 
Eq.  (IV.  3).  The  shell  does,  however,  possess  over  the  solid  rod  the 
already  mentioned  advantages  which  go  with  a great  reduction  in  weight. 

As  a result,  plastics, which  are  not  suitable  for  the  solid  rod  because  of 
their  large  attenuations,  would  be  acceptable  for  use  in  a thin  shell.  The 
transducer  driving  such  a shell  would  be  in  the  form  of  an  axially  or 
radially  vibrating  annulus.  This  is  again  a more  desirable  situation  than 
the  one  encountered  in  the  solid  rod  design  where  a piston-type  transducer 
wastes  much  of  its  energy  in  exciting  the  inner  core  of  the  rod  which  is  not 
instrumental  in  radiating  sound  energy. 

In  connection  with  the  rod  it  was  mentioned  in  the  preceding  section 
that  a hose  filled  with  gelatin  seems  a promising  solution.  This  design 
might  be  adapted  to  the  case  of  the  shell  by  filling  with  gelatin  the  annular 
space  between  two  concentric  hoses. 

The  Stiffness -Controlled  Hose  or  Tube 

When  attempting  to  realize  a cylindrical  surface  suitable  for  the  propa- 
gation of  axially  symmetrical  surface  waves,  the  most  obvious  approach  is 
to  use  a fluid-filled  tube,  or  a hose  (the  distinction  drawn  here  between 
these  two  structures  is  that  a tube,  like  a plate,  possesses  flexural  rigidity, 
while  a hose  resembles  a membrane  in  that  it  resists  stretching  but  not 
bending).  It  can  be  shown  that  a tube  filled  with  a fluid  remains  stiffness  - 
controlled  at  all  frequencies  [ 11,  14]  . A hose,  however,  becomes  mass- 
controlled  above  the  natural  frequency  of  the  axially  symmetrical  , ex- 
tensional  mode  of  vibrations . The  low  frequencies  in  which  we  are  in- 
terested lie  below  this  frequency,  unless  a special  attempt  is  made  to  re- 
duce the  latter.  Thus,  a fluid-filled  tube  or  hose  may  be  expected  to  be 
stiffness -controlled  under  the  conditions  that  interest  us. 

The  propagation  of  a pressure  pulse  in  an  elastic  tube  is  discussed  by 
Morse  (reference  7,  Sect.  VII.  26).  A more  recent  analysis  expresses  the 
solution  in  terms  of  the  constants  of  the  tube  [12]  . Kuhl  [13]  gives  ex- 
perimental data  which  will  be  found  useful  in  the  next  section.  The  effect 
of  a surrounding  medium  on  the  mechanism  of  propagation  has  also  been 

studied  recently  [14] . The  dispersion  curves  of  pressure  waves  propagating 
♦The  words  "tube"  and  "hose"  are  used  interchangeably  in  this  section, 
while  only  the  word  "hose  is  used*in  the  next  section. 
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sound  velocity  cg.  The  use  of  water  inside  the  tube  is  therefore  excluded 
in  favor  of  liquids  having  higher  sound  velocities.  The  zero-order  mode 
phase  velocity  in  the  low-frequency  region  is  related  to  the  wall  stiff- 
ness approximately  as  follows: 


c. 

1 


c.  [ 1+ tt 

S Sa(l-v  ) (k-a) 

9 

— z 7" 

pics  4 


-1/2 

] 


(IV.  5) 


The  inertial  term  involving  k a is  of  little  importance  at  low  frequency.  If 
it  is  considered  that  few  liquids  have  sound  velocities  cg  considerably  in 
excess  of  that  of  water,  it  is  seen  from  Eq.  (IV.  5)  that  the  wall  stiffness  S 
must  be  relatively  large  to  prevent  c.  from  dropping  below  the  desired 

5 1 

value  of  1.5  x 10  cm/s.  It  is  sensed  intuitively,  and  will  be  shown 
rigorously  below,  that  a large  wall-stiffness  does  not  permit  efficient 
radiation  of  sound  energy  from  the  fluid  column  to  the  surrounding  medium. 
The  designer  must  therefore  select  the  practically  usable  liquid  with 
the  largest  sound  velocity  so  as  to  keep  the  wall  stiffness  down  to  a 
reasonable  value.  Equation  (IV.  5)  has  been  plotted  in  Fig.  IV. 4 for 
glycerine,  a liquid  which  has  the  largest  sound  velocity  of  any  common 
liquid  (cg  = 1.92  x 10^  cm/s).  Unfortunately,  glycerine  is  objectionable 
in  practice  because  of  its  viscosity.  It  will,  however,  be  used  as  a basis 
for  the  evaluation  of  the  operating  range  and  design  requirements . It  will 
be  shown  below  that  even  for  the  large  sound  velocity  of  glycerine  the  wall 
stiffness,  as  obtained  from  Fig.  IV. 4,  is  objectionably  large,  i.e. , that  the 
lowest  operating  frequency  of  this  form  of  the  end-fire  source  is  not  suf- 
ficiently small  for  our  purpose,  even  under  optimal  conditions.  If  the 
effect  of  the  surrounding  medium  is  given  consideration,  the  situation  is 
even  more  unfavorable,  as  the  additional  mass  loading  lovers  the  effective 
stiffness . 


A liquid,  which  has  a larger  sound  velocity  than  glycerine  (and,  as  a 
matter  of  fact,  the  highest  known  sound  velocity  of  any  liquid),  has  been 
studied  recently:  Sorbitol,  a hexahydric  alcohol,  has  a sound  velocity  of 
the  order  of  2.1  x 10^  cm/s  when  used  in  83%  solution  [16];  when  pure,  the 

5 

sound  velocity  is  apparently  of  the  order  of  3 x 10  cm/s.  These  velocities 
were  measured  at  a frequency  of  1 megacycle;  owing  to  a relaxation  effect, 
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Fig.  IV.  3.  Dispersion  curves  for  the  first  three  nodes  of  propagation  of 
sound  waves  in  a ooluan  of  water  contained  in  a trass  tube,  as  given  by  Thonpeon 
(12X  oQ,  R,  c,  and  b respectively  translate  into  the  present  notation  as  o0, 
a,  o^  (or  c ),  and  2h.  The  tube  is  stiffness -controlled  at  all  frequencies. 


C.QlS.  units 


W/A 


Sa(  ► 

Fig.  IV.  4.  Functional  relation  between  the  phase  velocity  o^  and  the 
tube  wall  stiffness  & for  glycerine  and  the  sero-order  node  of  propagation. 
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they  would  be  somewhat  smaller  in  the  low-frequency  region.  The  use  of 
such  a liquid  would  appreciably  lower  the  wall  stiffness  required  to  achievb 
the  condition  c^  * 1.5  x 10^  cm/s;  unfortunately,  sorbitol  is  also  very  viscous. 

The  relation  between  the  rate  of  sound  radiation  and  the  wall  stiffness 
will  now  be  derived.  It  will,  then  be  poasible  to  estimate  the  rate  of  sound 
radiation  which  can  be  achieved  for  a given  liquid.  This  rate  is  determined 
essentially  by  the  attenuation  p.  In  order  to  relate  j*  to  the  parameters  of 
the  system,  let  us  consider  the  axial  energy  flow  through  a given  cross 
section  of  the  fluid-filled  hose,  identified  by  its  point  of  intersection  z with 
the  cylindrical  axis.  The  total  energy  flowing  through  the  cross  section  is 
the  sum  of  the  fluid  energy  W(z)  and  of  the  potential  energy  of  the  deformed 
hose  wall  V(z).  In  the  approximate  analysis  the  kinetic  energy  of  the  hose 
wall  may  be  neglected  at  low  frequencies.  The  strain  energy  of  a short 
length  of  symmetrically  deformed  hose  or  shell  is  approximately: 

dV(z)  = 2ir  (IV.  6) 

(1-v  )a 

This  expression  disregards  flexural  effects,  shearing  effects,  etc.  For  a 
more  exact  expression,  one  may  consult  one  of  the  many  analyses  of 
cylindrical  shells.  The  stiffness  S of  the  hose  wall,  defined  as  p/u,  can 
be  derived  from  this  expression  in  the  usual  way:  From  Castigliano's 
theorem  the  force  (=pdA)  connected  with  the  strain  energy  in  Eq.  (IV.  6)  is 
equal  to  hence 

px  (2ir  adz)  « (IV. 7) 

( 1-v  )a 

Solving  for  p/u(*S),  one  obtains 

S = (IV. 8) 

( 1-v  )a 

Substituting  this  parameter  in  Eq.  (IV.  6),  and  using  the  boundary  condition 
Eq.  (II.  1),  the  average  rate  of  strain  energy  flow  through  the  tube  cross  sec- 
tion at  z is  found  to  be 


Sac. 


iVexpl2*1 


(IV.  9) 
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The  rate  of  fluid  energy  flow  ie  (see,  for  example,  reference  7,  p.  274) 


W(z)  * 


(IV. 10) 


This  expression  is  only  approximate,  since  the  pressure  is  also  a function 
of  the  radius,  except  in  the  limiting  case  where  the  hose  wall  is  infinitely 
rigid.  The  radial  velocity  u of  the  hose  wall  is,  of  course,  equal  to  p/>w 
where  is  the  specific  acoustic  impedance  presented  by  the  hose  wall 
(and  the  surrounding  medium)  to  radial  motion.  At  very  low  frequencies, 
and  as  a rough  approximation,  it  can  be  assumed  that  (jfajz * S)  (A  more 
exact  expression  for.«w  is  given  in  reference  14).  The  pressure  p(z)  in 
Eq.  (IV.  10)  can  now  be  written  as  -jSd(*V«.  Again  making  use  of  the 
boundary  condition  Eq.  (II.  1),  the  rate  of  fluid  energy  flow  is  finally  ex- 
pressed as  follows: 


W(z) 


2 

it  a 


2Pici 


sVex  ) 
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(IV.  11) 


The  total  rate  of  flow  through  the  cylindrical  cross  section  located  at 
z is  obtained  by  adding  Eqs.  (IV.  9)  and  (IV. 11).  The  total  power  E#  emitted 
by  the  source  is  the  difference  of  the  rates  of  energy  flow  through  the  cross 
section  at  z = 0 and  the  one  at  z = L: 


E,  = SU2c.(l  +-S*L 

2 vr 


) (1  - e"2n,A) 


(IV. 12) 


This  function  is  plotted  in  Figs.  IV. 5 (a)  and  (b)  for  different  values  of 

wall  stiffness  and  for  two  different  values  of  k a. 

o 

a 

The  power  E lost  by  the  source  must  be  equal  to  the  power  radiated, 

E . Since  the  analysis  in  Chapter  II  yields  information  on  the  distant  field 
only,  Er  must  be  obtained  by  integrating  the  sound  intensity  over  a large 
sphere  enclosing  the  sound  source.  The  wave  fronts  may  be  considered* 
approximately  plane  over  a small  surface  element  of  such  a sphere.  The 
sound  intensity  at  the  surface  element  located  near  the  point  ( Jt,8)  is  there- 
fore of  the  form|p(R,6)  |2/2poco.  The  power  radiated  is  obtained  by  in- 
tegrating the  intensity  over  the  spherical  surface: 
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E * — /lp(R,  6) 

r 2 o c o' 


2 p c 
ro  o cr 


= "rZ  f 

pc  J 


p(R,e) 


d<r 


sin  0 d0 


(IV.  13) 


o o 


The  quantity  Ip  I ^ is  proportional  to  /R^.  The  above  expression  is  there- 


Z • 2 

fore  independent  of  R and  proportional  to  U.  The  integral  (IV.  13)  has  been 

evaluated  numerically  for  various  values  of  M>;  the  corresponding  values  of 

radiated  power  Ey  are  plotted  in  Figs.  IV.  5. 

Before  proceeding  further  in  determining  the  relation  between  S and  p, 
an  attempt  will  be  described  to  calculate  Er  by  an  approximate  method;  if 
found  satisfactory,  such  a method  would  make  the  cumbersome  numerical 
integrations  implied  in  Eq.  (IV.  13)  unnecessary.  The  approach  tried  con- 
sists  in  calculating  the  power  E^  by  assuming  that  the  acous*.  resistance 
ratio  is  approximately  the  same  for  the  case  under  consideration  and  for 
an  infinite  cylinder  whose  dynamic  configuration  is  in  the  form  of  un- 
attenuated standing  or  travelling  waves  whose  wavelength  is  equal  to  X. , 
and  which  extends  to  infinity  over  the  entire  cylinder.  The  near  field, 
and,  in  particular,  the  field  at  (r=a)  can,  of  course,  be  evaluated  for  this 
system.  The  travelling- and  standing -wave  cases  are  found  to  be  equivalent 
if  the  proper  transformations  are  made.  Using  this  approach,  the  average 
power  radiated  by  an  element  dz  of  the  source  is 


dE^  = 2 it  a dz 


P c 
ro  o 


e0l(  it1a)|u(z)| 


(IV.  14) 


In  this  expression,  0oj  is  an  acoustic  resistance  ratio  defined  as  [1] 
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(IV.  15) 
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Sub  ati  tut  ing  Eq.  (II.  1)  in  Eq.  (IV.  14),  and  integrating  the  latter  over  the 
length  of  the  source,  an  expression  for  the  total  radiated  power  is  obtained: 

Er  = JLi.  a 'pococ.  U2«001(k1a)(l  - e‘2n,i)  (IV. 16) 

2 1* 

Equation  (IV. 16)  is  also  plotted  in  Fig.  IV. 5(a).  Its  magnitude  is  seen  to 
be  approximately  twice  that  of  the  more  exact  value  obtained  from  Eq.  (IV.  13). 
This  discrepancy  is  due  to  end -effects  in  the  finite-length  source,  and  to  the 
peculiar  behavior  of  the  function  8qj  in  the  region  c^— cq.  In  the  case  of  the 
infinite  cylinder,  as  kj  tends  to  zero  along  the  real  axis  (i.e.,  as  c^  tends 
to  cQ  from  above), the  function  0qj  rises  steeply  to  a maximum  value.  When 
kj  becomes  imaginary  (i.e. , when  c.<  cQ),  the  function  8qj  vanishes;  in  other 
words,  a cut-off  phenomenon  takes  place  (for  the  infinite  cylinder  uniformly 
excited  only,  of  course).  Hence,  while  the  use  of  Oqj  is  satisfactory  when 
ci^>cQ,  it  leads  to  mediocre  accuracy  when  c.  2*. cq , and  is  entirely  un- 
usable when 

This  approach  toward  the  evaluation  of  Ef  will  therefore  be  discarded  in 
favor  of  another  procedure,  which  makes  use  of  the  acoustic  resistance 
ratio  0Q(kga)  of  an  infinitely  long,  uniformly  vibrating  cylinder  (i.e. , a 
cylinder  having  a configuration  independent  of  z).  To  simulate  the  effect 
of  the  sinusoidal  z -dependence  of  boundary  condition  Eq.  (II.  1),  the  amplitude 
of  vibration  must  be  taken  equal  not  to  |u(z)j  but  to  the  root -mean-square 
of  that  quantity,  i . e . , to 

Ue~  ^ 

v'F 

The  expression  for  radiated  power  then  takes  the  form 

ir  = *v.ci  u2  eo<ko6H1  • *‘2n|1>'  <>▼•"> 

£•  r 


where  [ 17] 


relation  fJl  • f (s). 
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The  value  of  thus  computed  is  also  plotted  in  Fig.  IV. 5 . For  the  parameters 
selected  this  approximate  value  of  is  seen  to  be  only  slightly,  larger  than 
the  more  exact  value  obtained  from  Eq.  (IV.  13).  For  other  conditions, 
particularly  for  a shorter  hose,  a greater  discrepancy  may  be  expected. 
However,  this  approximate  method  appears  adequate  for  the  present 
purpose,  particularly  since  the  end-fire  source  must  measure  at  least 
15  to  30  wavelengths  in  length . 

It  is  noted  that  both  the  approximate  and  exa&t  values  of  E y decrease 
with  increasing  p.  At  first  glance,  one  might  expect  the  opposite.  This 
impression  would  be  correct  if  the  power  furnished  to  the  source  were 
constant.  This,  however,  is  not  the  case;  it  is  the  velocity  amplitude  U 
at  the  driving  end  of  the  source  which  is  kept  constant.  Equations  (IV.  13) 
and  (IV.  17)  state  nothing  as  to  the  power  supplied  to  the  source,  and  do 
not  contain  any  information  as  to  the  impedance  presented  by  the  cylin- 
drical source  to  the  driving  unit. 


The  functional  relation  p=  f(S)  can  now  be  determined  from  the  following 

« 

line  of  reasoning:  Since,  in  the  absence  of  friction,  the  power  E#  emitted  by 
the  source  must  be  equal  to  the  power  Ef  radiated,  physically  possible 
situations  correspond  to  intersections  of  the  curves  representing  Eft,  Eq. 
(IV. 12)  and  of  the  curves  representing  Eq.  (IV. 13)  or  (IV. 17).  The 
values  of  p and  S corresponding  to  these  intersections  a.re  plotted  in 
Figs  .IV.  6. 


An  explicit  expression  for  the  functional  relationr-uip  between  p And 5 
can  be  derived  if  the  approximate  expression  for  E#  is  used.  Equalising 
Eqs.  (IV.  12)  and  (IV.  17),  and  solving  for  |i,  one  obtains 


(IV.  19) 


Since  the  quantity  c^  is  itself  a function  of  the  wall  stiffness  S,  this  ex- 
pression becomes  explicit  only  after  introducing  the  relation  between  c. 

and  S which  is  expressed  in  Eq.  (IV. 5).  Neglecting  the  inertial  term  in 

5 

this  expression  and  taking  c.  = 1.5  x 10  cm/s,  the  required  S can  be  ex- 
pressed as  a function  of  the  characteristic  velocity  of  sound  c^: 
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8 * 


F‘ 

\2.25  1010 


C.G.S. 


(IV.l9a) 


When  this  expression  is  introduced  in  Eq.  (IV.  19),  and  taking  P0cQ  = 1.535  x 
105  C.G.S. , an  explicit  relation  between  p and  cg  is  obtained 


p = 1.07  x 10 


-5  «Vkoa)  a - 2-25  x 1010 

2 . . . 

v.  [ l* 


.C.G.S.  (IV.  20) 


W 


(1-v  )(cg  - 2.  25*10  ) 


-3 


For  small  values  of  a (<0. 2)  this  can  be  simplified  further  by  using  the 
asymptotic  expression  for  0Q (kQa)  for  small  argument;  i.e. , 0Q  = w kQa/ 2 . 

The  expression  for  the  attenuation  now  becomes: 


i w tA-lO  2 2..  2W  2 , inl0. 

1.12x10  u>  a (1-v  )(cg -2.25x10  ) 


. C . G . S . 


(IV.  21) 


«•:  i1  + 


2 cg 

y Z — 1 — * HI f 1 for  small  k a 

(l-v2)(c“ -2.25xrt10)  ° 


The  useful  frequency  range  of  this  design  can  now  be  determined.  The 
valueof  increases  with  frequency.  Hence,  since  increasing  the  value  of 
cg  is  seen,  by  Eq.  (IV. 20),  to  correspond  to  an  increase  in  p,,  liquids  having 
the  largest  values  of  cg  are  those  whose  frequency  range  can  be  extended 
to  the  lowest  values  (while  still  maintaining  a sufficiently  large  value  ofp). 
What  these  lower  limits  of  operating  frequencies  are  can  be  determined 
from  Eq.  (IV.  19)  by  noting  from  Figs.  11.7  that  np  must  be  of  the  order 
of  two,  if  full  advantage  is  to  be  taken  of  a large  source  length  (viz. , 30 
wavelengths).  In  order  to  compensate  for  the  small  values  of  presuiting 
from  the  large  values  of  wall  stiffness  S which  must  be  used  (particularly 
near  the  lower  limit  of  the  operating  frequency  range;  cf.,  Eq.  (IV.  20)), 
it  is  desirable  to  use  the  longest  possible  source.  If  the  greatest  practical 
length  is  500ni  the  total  attentuation  in  decibels  (=8.686 np)  can  be  calculated 
as  a function  of  frequency: 

T .A.  * 0.46lwp,  in  db 


(IV  .22) 


\ 

i 


t 

db 


Fig.  IV.  7.  The  total  attenuation  ( » 8.666  nyu.)  of  the  sound  waves 

reaching  the  far  end  of  the  cylindrical  source,  as  a function  of  frequency,  for 
glycerine  (p^  ■ 1.26,  og  • 1.92  x 10^,  C.G.S.).  Since  the  product  (n^u)  (l.e. 
the  total  attenuation)  must  exceed  a certain  mlnlnum  value  if  end-fire  direct- 
ivity is  to  he  achieved,  these  curves  give  the  mlnlnum  operating  frequency  of 
a hose  having  a given  radius. 


MOO  1600  1600  2000  2200  2400  2600  2600  9000 

Cj  — m/Mc 


Fig.  IV. 8.  Frequencies  giving  a total  attenuation  of  13  db  as  a function 
of  the  sound  velocity  cB  of  the  liquid  used  In  the  fluid  column.  A hypothetical 
liquid  having  a density  of  1. 15  g/on?  is  assumed.  Points  corresponding  to 
existing  liquids  are  also  indicated.  A Sorbitol  solution  would  give  a limiting 
frequency  value  of  the  order  of  600  c/s. 


\ 
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Substituting  for  p , from  expression  (IV.  20)  the  total  attenuation  can  be 
written  explicitly  a a a function  of  frequency,  and  of  the  parametera  of  the 
hose  and  of  the  liquid  it  containa : 


5 w\<**)*(l-v2)(<V-  2.25  x 1010) 

T. A.  * 0.494-10  3 2_2 ^ indb,  and 

, 2c.  using  C.G.S. 


•v. 


2 — 7 1 unite 

(l-vZ)(c,  - 2.25  xlO10)  (IV22a) 


Thia  ia  plotted  in  Fig.  IV.  7 for  a hoae  filled  with  glycerine  (pi  = 1.26, 

5 * 

c * 1.92  x 10  C.G.S.;  the  Poiaaon'a  ratio  of  the  hoae  wall  material  ia 

taken  to  be  0.3).  The  directivity  index  corresponding  to  these  values  of 

can,  of  course,  also  be  plotted  as  a function  of  frequency.  If,  in  a 

particular  design,  it  is  decided  that  the  directivity  index  corresponding 

to  a certain  value  ofnp,  say  np  =1.50  (which  corresponds  to  a total 

attenuation  of  13  db),  is  acceptable.  Equation  (IV.  22a)  can  be  solved  for 

the  limiting  frequency  in  terms  of  c#.  The  lowest  operating  frequency 

for  different  liquids  can  thus  be  plotted  as  a function  of  c#  (cf.  Fig.  IV. 8). 

The  point  corresponding  to  a sorbitol  solution  would  give  a limiting  frequency 

of  the  order  of  600  c/s. 


For  a given  liquid  the  value  of  wall  stiffness  required  to  achieve  the 
condition  c.  * 1.5  x 10^  cm/a  (which  is  given  in  Eq.  (IV.  19a), can  be  used 
to  compute  the  pressure  P and  radial  displacement  U of  the  hose  wall  at 
the  driving  end  of  the  source.  This  is  illustrated  in  Fig.  IV. 9 for  a total 
output  of  1 lew  at  1000  c/s  for  a hose  filled  with  glycerine. 

In  summary,  it  appears  doubtful  whether  a practical  design  based  on 
a stiffness-controlled  hose  can  be  used  efficiently  below  1000  c/s.  How- 
ever, one  favorable  aspect  of  the  situation  is  that  the  smalt  values  of  p 
imposed  by  the  limitations  of  this  design  permit  the  achievement  of  very 
high  end-fire  directivity  (cf.  Chap.  Uy). 

This  design  was  studied  very  thoroughly  in  the  Internal  Reports  of 
16  February,  8 April,  and  28  April, 1953.  The  latter  report  contains  an 
analysis  of  the  effect  of  frictional  losses  in  the  hose  wall  and  in  the  liquid. 
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The  Mass -controlled  Hose 

Another  approach,  avoiding  one  of  the  worst  drawbacks  of  the  stiffness  - 
controlled  hose  (which  is  that  sea-water  cannot  be  used  to  fill  the  hose), 
is  to  drive  the  source  above  the  natural  frequency  of  the  axially  sym- 
metrical (ring-type)  mode  of  vibration  of  the  hose.  For  our  purpose, 
this  natural  frequency  should  of  course  be  as  small  as  possible;  the  hose 
should  therefore  offer  as  little  resistance  to  bending  as  possible,  so  that 
it  will  not  tend  to  remain  stiffness -controlled,  in  the  fashion  of  a tube 
(cf.,  preceding  section  and  reference  ll).  In  the  ideal  case,  when  the 
hose  experiences  only  membrane  stresses,  the  specific  wall  reactance 
is  of  the  form: 


x 


w 


2P.  c 
W w 


1 


k a 
w 


a l-2v 

T ‘ T7 


2 2 

k*  a + 1 + 

w 


1 


1 


(IV.  23) 


Neglecting  the  Poisson  term,  which  is  small,  it  is  seen  that  is  positive, 
i.e. , that  the  hose  is  mass  "Controlled,  when  k^a  1 , i.e. , at  frequencies 
above  the  natural  frequency  of  the  axially  symmetrical  mode  of  vibration. 
Disregarding  the  effect  of  the  surrounding  medium  (which  is  beneficial  for 
this  purpose  in  that  it  increases  the  value  of  x ),  the  lower  limit  of  the 
frequency  range  of  such  a source  is  therefore  found  to  be  k^a  =1.  In 
order  to  extend  this  limit  as  far  as  possible,  it  is  desirable  to  use  large- 
diameter  hoses  made  of  a material  having  a small  value  of  c , i.e. , 
plastic,  rubber,  or  the  like. 


The  dispersion  curve  connected  with  the  zero  mode  when  > 0 is 
shown  in  Fig.  IV. 10.  The  larger  the  value  of  xw(i.e. , the  more  mass- 
controlled  the  hose  wall),  the  smaller  the  cut-off  frequency  and  .the  lower  the 
limit  of  the  region  over  which  the  phase  velocity  cz(or  c^)  is  essentially 
equal  to  the  sound  velocity  c^  [15].  Since  this  region  is  the  nondispersive 
frequency  range  where  the  end -fire  source  would  be  operated,  it  is 
possible  to  use  sea  water  in  the  hose  so  that  c = c = c . The  major 

Z 8 O 

drawback  of  the  stiffness -controlled  hose  is  thus  eliminated. 


The  cross-sectional  distribution  of  the  zero  mode  conforms  fairly 


0 2 4 6 8 10  18  14  16 


a— -(cm) 

Fig.  IV.  9.  Displacement  amplitude  U and  pressure  amplitude  P at  the 
driving  eal  of  a glycerine -filled  hose  radiating  1 tar  of  sound  power  at  1000 
c/s,  plotted  as  a function  of  hose  radius.  The  magnitude  of  the  wall  stiff- 
ness S Is  such  as  that  o^  ■ 1.5  * 10^,  C.C.S.  (of.  Eg.  IV.19  (a)). 


Pig.  IV.  10.  Dispersion  ourves  for  sound  waves  propagating  In  the  aero- 
order  node  Inside  a fluid-filled,  nase-controlled  hose.  All  ourves  approach 
the  Unit  ct  ■ c#  for  sufficiently  large  kQa  (i.e.  frequency).  The  larger 
l.e.  the  more  mass  -controlled  the  hose,  the  lower  the  frequency  at  which  c^ 
first  approaches  its  asymptotic  value  c0. 

B 
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well  to  the  dynamic  configuration  of  a pie  ton -type  transducer  whose  surface 
elements  move  with  equal  amplitude  and  phase.  (If  the  wall  approaches 
a pressure  release  condition,  this  is  not  true.)  Since  the  higher  modes 
all  display  nodal  circles,  such  a transducer  would  not  excite  them 
appreciably,  even  above  their  cut-off  frequencies. 

In  practice,  of  course,  xw  is  a function  of  frequency . The  dispersion 
curves  will  therefore  never  be  as  illustrated  in  Fig.  IV.  10.  In  order  to 
determine  the  possible  operating  range  for  an  actual  hose  material,  these 
curves  were  calculated  for  a soft  rubber  hose  filled  with  sea -water  (cf . 

Fig.  IV.  11).  The  lower  frequency  limit  is  approximately  7800  c/s  for  a 
1-ft  diameter  hose.  This  frequency,  of  course,  is  too  large  to  be. acceptable. 
As  seen  from  Fig.  IV.  10,  it  can  be  brought  down  to  any  desired  value  by  in- 
creasing the  wall  reactance  x^;  indeed,  as  the  mass  reactance  approaches 
infinity,  the  lower  frequency  limit  tends  to  zero.  By  using  a heavier 
material  for  the  hose  wall,  xw  can  be  increased;  the  effective  weight  of 
the  wall  can  also  be  increased  by  attaching  segments  of  metal  rings  to  its 
surface.  In  practice,  however,  this  may  not  be  necessary:  The  actual 
limiting  frequency  will  be  considerably  lower  and  the  wall  reactance 
much  larger,  owing  to  the  mass  loading  provided  by  the  surrounding  sea 
water . In  theory,  the  mass  loading  for  the  axially  symmetrical  mode  of 
vibration  approaches  infinity  for  an  infinite  cylinder  [ 1] , at  c.  tends  to 
cq.  This,  of  course,  does  not  hold  for  a finite  cylinder.  However,  in  a 
cylinder  15  to  30  wavelengths  long,  the  mass  loading  is  still  very  large, 
i.e. , x^  is  much  increased  and,  hence,  the  lower  operating  frequency  limit 
extended  considerably  beyond  the  value  calculated  by  neglecting  the  action 
of  the  surrounding  medium.  Unfortunately,  the  theory  developed  in 
Chapter  II  does  not  give  information  on  the  near  field.  It  is  therefore 
impossible  to  predict  how  far  the  lower  frequency  limit  could  be  extended. 

A qualitative  idea  of  how  short  a cylinder  can  be  and  still  experience  con- 
siderable mass  loading  from  surrounding  medium  can  be  obtained  by  the 
following  reasoning:  This  phenomenon  of  infinite  mass  loading  coincides 
with  a vanishing  of  the  resistive  impedance  when  c^  < cQ.  Both  phenomena 
also  occur  in  the  case  of  infinite  rectangular  surfaces.  Goesele,  who  has 
studied  this  problem  [18],  shows  that  even  when  the  surface  is  only  3 
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wavelength*  long  the  energy  radiated  drops  by  approximately  10  db  when 
X./X.0  it  decreased  from  unity  to  about  0.95.  It  is  to  be  expected  that 
the  reactive  impedance  similarly  approaches  its  limiting  value  for  theinfinite  case 
when  the  radiating  surface  is  still  relatively  small.  Presumably,  the  same 
holds  true  iot  cylindrical  surfaces,  as  the  two  cases  are  mathematically 
quite  similar . 

In  developing  a mass -controlled  hose  design,  a practical  procedure 
would  be  to  set  the  lower  frequency  limit  equal  to  the  natural  frequency  of 
the  hose  in  air,  and  to  rely  on  the  fluid  reactance  to  provide  the  necessary 
mass  loading  to  push  the  dispersion  curve  down  a good  part  of  the  way  from 
the  (xw  = 0)  curve  towards  the  (xw  =«oot)  curve  in  Fig.  IV.  10.  The  lower 
frequency  limit  determined  by  this  criterion  is  shown  in  Fig.  IV.  12  for 
three  different  materials;  however,  the  natural  frequency  is  not  the  only 
criterion  by  which  to  judge  a potential  hose  material.  If  the  material  is 
not  sufficiently  strong,  the  hose  wall  will  have  to  be  excessively  thick  to 
support  the  desired  pressure  differential  of  10  atmospheres  which  it  is 
desired  to  maintain  in  order  to  retard  the  onset  of  cavitation.  A thick 
hose  wall  is  of  course  undesirable  because  of  the  increased  frictional 
losses,  manufacturing  cost,  etc.  The  greater  thickness  also  results  in 
increased  flexural  stresses,  thus  raising  the  natural  frequency  and  in- 
validating the  curves  in  Fig.  IV.  12  which  are  based  on  the  assumption  of 
a purely  membrane  - type  state  of  stress  (cf.  Eq.  (IV.  23)).  In  view  of 
these  considerations,  the  three  materials  in  Fig.  IV.  12  have  been  compared 
as  to  their  strength;  a convenient  way  of  doing  this  is  to  plot  the  inner  pressures 
causing  a "hoop  stress"  equal  to  the  respective  yield  and  tensile  strengths  as 
a function  of  the  wall -thickness -to -radius  ratio  ( = 2h/a)(cf.  Fig.  IV. 13). 
Materials  such  as  soft  rubber,  which  display  a desirably  low  natural  frequency 
in  Fig.  IV.  12,  are  revealed  in  Fig.  IV.  13  to  be  entirely  unsuitable,  as  they  do 


♦The  properties  of  plastics  and  rubber  vary,  of  course,  considerably 
with  testing  conditions,  manufacturing  process,  etc.  For  soft  rubber,  the 
physical  properties  from  which  cw  is  calculated,  and  the  yield  strength, 
were  determined  experimentally  on  the  apparatus  which  is  illustrated  in 
Fig.  IV.  15  and  described  below.  The  material  labeled  "polyethylene"  was 
not  identified  more  specifically  in  the  reference  giving  its  physical  properties. 
The  properties  of  "Mylar"  were  obtained  from  the  manufacturers . 


Fig.  IV.  11.  Dispersion  ourres  for  a soft  rubber  hose  filled  with  seawater. 
The  value  of  k a (l.e.  of  frequency)  at  which  the  zero -mode  approaches  the  desired 
condition  o.  - c Is  unaooeptably  large.  The  actual  frequency  will  he  much 
smaller  owing  to  the  mass-loading  of  the  surrounding  water,  which  was  negleotel 
la  computing  these  ourves,  and  which  effectively  Increases  x^. 


5 X 
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rig.  IV.  12.  Natural  frequencies  of  hoses  of  soft  rubber  ani  of  two  types 
of  plastic  vibrating  in  their  axially  symmetrical  mode,  as  a function  of  hose 
radius.  When  the  hoses  are  submerged,  they  will  be  : eerily  mass -controlled  at 
these  frequencies  owing  to  the  mass-loading  of  the  ambient  water.  The  longi- 
tudinal ware  velocity  c^  vhloh  determines  the  natural  frequencies  is  as  follows 
for  the  three  hose  materials:  0.068  x 105  for  soft  rubber,  0.458  x 105  for 
Polyethylene,  and  1.674  x 10^  for  Mylar,  in  om/s. 


Fig.  IV.  lj.  Relative  strengths  of  three  hose  materials.  The  pressure 
differential  across  the  hose  vail  giving  a hoop-strength  equal  to  the  yield 
and  tensile  strengths  is  plotted  as  a function  of  the  wall  thickness  to  radius 
ratio  for  soft  rubber  (Y.S.  • ljk.6  lb/in2),  polyethylene  (Y.S.  « 1,200  lb/ln2, 
T.8.  - 2,100  lb/in2),  and  Hylar  (Y.S.  - 15,000  lb/in2,  T.S.  « 20,000  lb/in2). 


Fig.  IV.  Ik.  Power  vhleh  can  be  injected  into  the  hose  by  a piston-shaped 
transducer  without  causing  oavltatlon  on  the  transducer  surface,  as  a function 
of  hose  radius.  The  pressure  differential  across  the  hose  wall  is  10  atmos- 
pheres. The  exterior  hydros tatio  pressure  corresponds  to  depths  of  lamerslon 
of  200  and  1000  cm. 
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not  support  the  pressure  differential  necessary  to  avoid  cavitation  at  the 
transducer  surface.  The  designer  must  therefore  make  a compromise  and 
select  a material  combining  a reasonably  small  c with  sufficiently  large 
strength.  This  suggests  a material  such  as  "Mylar"  (polyethylene 
terephthalate)  strong  enough  to  permit  the  use  of  a very  thin  hose  wall  (of 
the  order  of  2h  = 0.01)  even  for  a pressure  differential  of  10  atmospheres. 

Such  a hose,  with  its  low  frictional  losses,  its  small  bending  resistance,  and 
its  resistance  to  mechanical  wear,  etc. , would  have  very  desirable  all-around 
characteristics . Only  experiments  will  show  how  far  down  the  lower  frequency 
limit  can  be  pushed  by  means  of  the  mass  loading  of  the  surrounding  sea  water. 

If  the  initial  tests  show  that  the  mass -loading  of  the  surrounding  fluid  is 
not  sufficient  to  bring  the  frequency  limit  down  to  the  desired  value,  the  above- 
mentioned  remedy  of  attaching  inertial  elements  in  the  form  of  circular  metal 
segments  to  the  hose  wall  might  be  used.  In  this  connection,  it  is  interesting 
to  note  that  even  a metal  tube  which,  as  mentioned  above,  is  normally 
stiffness -controlled  at  all  frequencies  can  be  endowed  with  a massive  wall 
reactance  by  machining  grooves  at  regular  intervals  into  the  outer  wall 
surface  [13]  . The  thick-walled  segments  then  act  as  rigid  masses  and  the 
thin-walled  ones  as  spring  elements;  the  flexural  resistance  in  these  elastic 
elements  is  not  sufficient  to  maintain  the  tube  wall  stiffness -controlled. 

The  power  with  which  such  a source  in  the  form  of  a fluid-filled  hose 
can  be  driven  without  running  into  cavitation  is  determined  by  the  fact  that 
the  pressure  amplitude  at  the  transducer  must  not  exceed  the  sum  of  the 
surrounding  hydrostatic  pressure  and  of  the  10  atmospheres  pressure 
differential  which  the  hose  wall  is  designed  to  sustain.  Assuming  that  the 
transducer  surface  is  relatively  plane  during  motion, the  maximum  power 
which  can  be  injected  into  a hose  filled  with  sea  water  is 

i 


= 1.012  x 10-15(1010  H + 1.013  x 107)2  a2  (IV.  24) 

where  H is  the  depth  at  which  the  source  is  located,  Ap  the  pressure  differ- 
ential, and  g the  gravitational  acceleration;  H and  a are  in  cm,  and  E in 


gH+  Apyj 

ipici 


tt  a 
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kw.  The  power  furnished  to  the  source  is  plotted  in  Fig.  IV.  14  as  a 
function  of  source  diameter  for  two  depths  of  immersion.  It  is  seen  that 
the  amount  of  power  is  very  large. 

Finally,  some  experimental  work  in  connection  with  the  design  of  such 
a hose  should  be  mentioned.  Some  difficulty  may  be  encountered  in  computing 
xw  as  given  by  Eq.  (IV.  21)  if  the  hose  wall  is  built  of  several  layers  of  differ- 
ent materials  or  simply  of  nonhomogeneous  material  such  as  fabric,  since 
the  values  of  Young's  modulus  and  Poisson's  ratio  are  then  not  immediately 
available.  For  this  purpose  a testing  rig  was  designed  (Fig.  IV.  15)  from 
which  the  change  in  volume  of  a certain  hose  length  can  be  determined  as  a 
function  of  pressure.  The  graduate  and  hose  shown  in  the  figure  are  filled 
with  water.  Air  pressure,  throttled  down  to  the  desired  value  from  the  com- 
pressed air  main  is  then  allowed  to  act  on  the  interface  in  the  graduate. 
Expansion  of  the  hose  causes  the  water  level  to  drop;  a plot  of  volume  change 
vs.  pressure  is  thus  obtained.  The  desired  elastic  constants  can  be  then 
computed  and  determined.  This  rig  can  also  be  used  to  determine  the 
strength  of  the  hose;  for  this  purpose,  the  graduate  is  removed  and  the  pressure 
applied  directly  at  one  end  of  the  water-filled  hose. 

Summary:  Comparison  of  these  Designs 

The  merits  of  the  different  designs  which  have  been  described  can  now 
be  compared;  all  the  designs  listed  satisfy  the  requirements  that  the  phase 
velocity  be  equal  to  the  sound  velocity  in  sea  water  and  independent  of 
frequency  within  the  operating  range  indicated: 

(1)  The  mass -controlled  hose  seems  to  be  most  practical.  Even  though 
it  is  not  possible  to  compute  the  value  of  the  lower  frequency  limit  since 
the  present  «analysis  does  not  give  information  on  the  near  field,  i.e.,  on 
mass-loading  by  the  surrounding  water,  one  might  expect  that  the  operating 
range  will  extend  to  frequencies  of  the  order  of  1000 c/s  and  possibly  of 
100  c/s.  In  practice,  there  is  no  upper  limit  to  the  frequency  range  over 
which  this  source  can  be  used  without  significant  change  in  directivity 
pattern  since  the  phase  velocity  is  independent  of  frequency  above  the 
lower  limit  of  the  range  of  operating  frequencies.  If  necessary,  the  frequency 
limit  can  be  lowered  further  by  mass-loading  the  hose  wall  by  means  of  metal 


t 


Fig.  IV.  15.  Apparatus  for  asararlag  tha  elastic  oooataata  and  atraagth  of  hoaa  rail 
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ring  segments  attached  to  its  outer  wall  surface.  The  design  calls  for  a 
strong,  thin  plastic  hose,  of  a material  such  as  "Mylar,"  filled  with  sea 
water  under  considerable  pressure  to  avoid  cavitation.  A pressure 
differential  of  10  atmospheres  will  permit  power  of  the  order  o»  30  kw  to 
be  injected  at  the  driving  end  without  danger  of  cavitation  on  the  transducer 
surface;41  such  a hose  might  have  a 1 ft.  diameter  and  a wall  thickness  of 
1/8  inch.  The  source  could  be  driven  by  a conventional  electromechanical 
transducer.  However,  in  view  of  the  low  operating  frequencies,  it  appears 
tempting  to  attempt  to  develop  for  this  purpose  a hydraulic  transducer 
making  use  of  some  phenomenon  of  hydrodynamic  instability. 

(2)  For  frequencies  of  the  order  of  one  or  a few  hundred  cycles  /sec 
a thin  plastic  shell  propagating  longitudinal  waves  may  be  satisfactory;  a 
drawback  of  this  approach  is  that  the  displacements  are  mostly  axial. 

(3)  In  the  same  very  low-frequency  region  the  end-fire  source  could  be 
in  the  form  of  a thin-walled  hose  filled  with  a gelatin-like  substance.  The 
hose  serves  a purely  protective  purpose.  The  device  differs  from  the  liquid- 
filled,  stiffness -controlled  hose  in  that  the  gelatin  has  sufficient  cohesive 
strength  so  that  the  action  of  the  hose  is  not  necessary  to  maintain  the  phase 
velocity  at  the  desired  value.  This  device  also  suffers  from  the  drawback 
that  the  displacements  are  mostly  axial. 

(4)  The  stiffness -controlled  hose  can  be  used  in  the  frequency  range 
above  2000  (and,  possibly,  1000  c/s).  In  addition  to  the  drawback  of  a 
relatively  high  lower- frequency  limit,  it  possesses  the  undesirable  feature 
that  sea  water  cannot  be  used  to  fill  the  hose. 

(5)  In  the  frequency  range  above  6000  c/s  a thin  metal  tube  undergoing 
flexural  vibrations  would  perform  adequately. 


* There  is,  of  course,  the  possibility  of  cavitation  on  the  outer  wall  surface 
near  the  driving  end.  If  this  occurs  the  segment  of  the  source  nearest  the 
driving  end  does  not  radiate  sound  as  it  is  shielded  from  the  surrounding 
medium  by  a layer  of  cavitation  bubbles.  This  essentially  amounts  to  a re- 
duction of  the  effective  length  of  the  source.  This  situation  can  be  prevented 
by  increasing  the  wall  reactance . 
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APPENDIX 

Analysis  of  the  End-Fire  Source  Problem 
by  Means  of  the  Green's  Function 

Statement  of  the  Problem: 

In  Chapter  II,  the  mathematical  analysis  of  this  problem  was  presented 
in  greatly  condensed  form.  Certain  aspects  of  the  analyyi^  will  be  expanded 
here;  in  particular,  the  derivation  of  the  Green's  function  and  the  evaluation 
of  the  Fourier  integrals  which  express  the  Green's  function  and  the  distant 
field  are  discussed  in  detail.  As  mentioned  in  Chapter  II,  the  expression 
for  the  distant  field  was  obtained  by  Laird  and  Cohen  (4)  without  the  use  of 
the  Green's  function.  The  manipulation  which  leads  to  Eq.  (A.  12)  was  pre- 
sented by  Levin  and  Schwinger  (5). 

The  problem  is  to  determine  a velocity  potential  >|i(r,4,s)  (or  4*  (R), 
where  R is  a space  vector)  satisfying  the  wave  equation 

(72  +*£)  *(R)  = 0 (A.l) 

and  Neumann  boundary  conditions 

^ — = ® *or  z<^0*  z 

r=a 


8>p(r,Az) =-u(^z)  for  0<Cz<TL.  (A. 2) 

^ r=a 


The  cylindrical  surface  extends  to  infinity,  but  the  boundary  condition  is 
seen  to  be  homogeneous  in  the  regions  - oo<z<  0 and  L<C  a<C+  oo.  The 
validity  of  this  assumption  was  discussed  in  Chapter  II. 


Derivation  of  the  Green's  Function 

The  Green's  function  satisfies,  by  definition,  the  following  conditions 


(V2+ko>G(R*R')  = -6(R-R') 


G(R,R') 


0 as 
-53 


R 


oo 


(A. 3) 
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whsre  6(ft  -ft1)  is  the  Dirac  delta- function.  In  addition,  G must  be  continuous 
at  ft  aft'  and  its  first  derivative  at  that  point  must  have  a discontinuity  com- 
patible with  the  unit  source  condition. 


Green's  theorem  applied  to  i|j  and  G states  that 

r 

J [G(ft'f  R)(V2  + k2)4,(R')-i|i(R')(V2  + k2)G(ft'^)]dV' 


f 


[ G(ft',  ft)  d S', 


(A.  4) 


where  n'  is  the  outward  normal  to  the  boundary  of  the  region  of  integration, 
i.e  , the  normal  pointing  toward  the  cylindrical  axis.  The  volume  integral 
includes  all  space  except  the  cylinder  of  radius  a.  The  surface  integral 
covers  the  cylindrical  surface  and  a sphere  of  infinite  radius,  as  well  as  the 
two  adjoining  surfaces  linking  the  cylinder  and  the  sphere  (cf.  Fig.  A.  1). 

By  virtue  of  the  radiation  condition  stated  in  the  second  of  Eqs.  (A.  3),  the 
surface  integral  over  the  infinite  sphere  is  negligible.  Since  satisfies 

the  homogeneous  Helmholtz  equation  (A*l),  the  first  term  of  the  volume  in- 
tegral is  zero.  Taking  the  above  remarks  into  account,  and  substituting  the 
first  of  Eqs.  (A.  3)  in  the  integrand  of  the  volume  integral,  Green's  theorem 
now  becomes 

[ -G(ft',  ft)  + 

+ 44R')  ] dd'dz'  (A. 5) 

r'=a 

The  volume  integral  integrates  to  (j*(R).  Turning  to  the  surface  integral, 
it  is  noted  that  i®  given,  Eq.  (A.  2)  while  [ i|i(ft')]r,_a  is  not 

known.  It  is  therefore~^onvenient  to  select  a Green's  function  whose  de- 
rivative vanishes  on  the  cylindrical  surface,  thus  eliminating  from  the  surface 
integral  in  Eq.  (A.  5)  the  product  involving  the  unknown  boundary  value  of  the 

potential,  i.e.,  [^(ft')]  , Hence,  the  Green's  function  sought  must  satisfy 

r "ft 

not  only  Eqs . (A . 3)  but  also  the  boundary  condition 


4*(ft!)6(  - ft  )dV'  = a 


op  In 
1 


*•  (R)»- oj7  J GCRjRJu^Vjdz1  d^‘ 
OO  r*o  ' 

Fig.  A.l.  Path  of  integration  of  the  surface  Integral  In  the 
statement  of  Green's  theorem  In  Eg.  A. 5.  The  value  of  the  Integral 
is  negligible  over  the  Infinite  sphere,  by  virtue  of  the  radiation 
condition;  It  Is  zero  over  the  unshaded  portions  of  the  cylinder 
where  the  Integrand  vanishes  by  virtue  of  the  homogeneous  boundary 
conditions  prevailing  in  this  region;  the  two  Integrals  over  the 
two  neighboring  surfaces  linking  the  sphere  to  the  cy Under  are  of 
opposite  sign  , and  therefore  oancel. 
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Turning  to  Fig.  A.l  , it  is  seen  that  the  surface  integral  vanishes  (1)  over 
the  sphere  of  infinite  radius,  from  the  radiation  condition;  (2)  over  the  ad- 
joining surfaces  linking  the  cylinder  to  the  sphere,  because  the  respective 
contributions  to  the  integral  are  of  opposite  sign;  and  (3)  over  that  portion 
of  the  cylindrical  surface  where  homogeneous  boundary  conditions  prevail. 
Hence,  Green's  theorem  finally  becomes,  after  substitution  of  the  boundary 
condition  Eq.  (A .2),  and  making  use  of  the  definition  of  the  Dirac  delta  func- 
tion to  evaluate  the  volume  integral: 


L.  2ir 


>JMR)  = a J J G(R',R)r,=au(d>')dd'  us'  (A.7) 


This  integral  represents  the  formal  solution  of  the  problem. 

Turning  now  to  the  actual  derivation  of  the  Green's  function,  the  first 
of  Eqs.  (A. 3)  is  written  more  explicitly  in  terms  of  cylindrical  coordinates: 


K-'rfc>  + 7 


+ k*]G(r,r',rf-d\  z-z')  = 


= - 6<^4')6(«-z')  (Ac8) 

i £ z 

Multiplying  both  sides  of  this  equation  by  eJ  ’ , and  integrating  over  all 
values  of  z , this  becomes 

[7  *1^^)  + -y  ♦ ko  - £2]G(r,r',d-rf'  ) = U(d-4‘) 

r 8p 

(A.9) 


where 


G(r,r',d-d',£>  = f G(r,r'trf-rf'z)ej*s 
-00 


dz 


(A.  10) 


is  the  Fourier  transform  of  the  Green's  function.  This  transform  is  now 

t 

expanded  in  a Fourier  series  in  4: 

G(r,r»,  y"7  e-J«(^-^,)Gm(riT7?)  (A.ll) 

m=-oo 
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The  integral  in  this  expression  is  of  the  form 

co 


1*  J 
-00 


c£r) 


(A. 26) 


This  type  can  be  readily  evaluated  by  the  method  of  stationary  phase  which 
will  be  applied  here  without  discussing  its  implications  (for  further  details 
of  reference  20).  Comparing  Eqs.  (A.25)  and  (26)>  it  is  seen  that 

• io  = r<xf  - A* 

®C&R)  = R(fcosfl  + AF  + £2'  sinO)  (A. 27) 


The  phase  angle  • (£, R)  takes  on  a stationary  value  when  its  derivative 

(A.28) 


4 


.A 

= R[co.«-©ltf  -52)  .in#] 


vanishes,  i.e.  when 


£(R)  =^(R)  = k cosO. 


(A. 29) 


This  stationary  value  ft  [ £(R) > R]  of  the  phase  angle,  which  will  be 
designated  by  S(R),  is  obtained  by  substituting  g(R)  in  the  latter  of  the  two 
functions  in  Eq.  (A. 27): 


S(R)  = Rk, 


(A.30) 


The  corresponding  value  of  the  amplitude  t (£)  of  the  integrand  is 

•(?)  = (^sinO'^H^^asinO)]"1  (A.31) 

An  integral  of  the  type  given  in  Eq.  (A.  26)  can  be  proved  to  be  approximately 
equivalent  to  the  complexquantity 


= ejT\Amr  * (6)e’ 


I[R,T(R)]  = c ^ t(R) 
where  the  function  T(R)  is  defined  as 


jS(R) 


(A. 32) 


X(R) 


(A. 33) 
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For  our  integral,  this  is  found  to  be,  after  some  manipulation, 

R 


T(R)  = 


k sin  0 
o 


(A. 34) 


Substituting  this  quantity,  as  well  as  ® C%)  and  S(R),  in  equation  (A. 32),  the 
integral  becomes 


-JkoR 


I[R,T(R)]  . >7  fjp - (A.35) 

R,U’9  k 

n TTi  * A ' 


When  this  expression  is  substituted  in  Eq.  (A. 25),  an  explicit  and  quite  simple 
expression  for  the  Green's  function  in  the  distant  field  is  finally  obtained: 


G(R,R*) 


.m+1  -JkoR  -£ 
j e 

r'=a  2irZa  toR,in6  ^ ,>  H'~’  (k  asinO) 

m o 


CP 

22 


e-jm(4-4')  . , 

T2T » for  la'ge  P. 

/ lr  a 0\  | I 


(A. 36) 


It  can  be  verified  that  this  function  satisfies  Eqs.  (A. 3). 


Evaluation  of  the  Distant  Field 

In  order  to  evaluate  the  distant  field,  Eq.  (A. 21)  for  the  Green's  function 
is  substituted  in  the  formal  expression,  Eq.  (A. 7),  of  the  distant  field: 

oo  co  2ir 


jm(*-*')  e-jS<z-z>> 

T 


(R)*--^  f f f u(rf'.z) 

4"  4 <4x>  Jo  -4^  /l-2 

-£Zr) 


k*  - r 

o *• 


H<m  ko  - SZ*> 


d4’  dz'  d£  . 


The  function  u(4',z')  is  now  expanded  as  a Fourier  series  in  4' 

OO 


i(4',z')  = \ am 
m=-oi 


«-Jm*'  Vl»'l 


(A.37) 


(A. 38) 


The  integration  with  respect  to  4*  in  Eq.  (A.37)  can  now  readily  be  performed 
by  using  the  relation 
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J u(4',*’)e^mi^  d4'  = 2w»mum(*') 


(A. 39) 


The  integration  with  respect  to  z'  is  performed  by  noting  that  the  Fourier 
transform  um(z')  is  given  by  the  integral 


oo 

um(£>  = J uin(z')eJ^'  dz- 


(A.40) 


The  expression  (A. 37)  for  the  distant  field  is  now  reduced  to  a simple 
Fourier  integral: 


+<*>  = "Sr 


a_  e 

m 


•im*  J'  i 


1 ./lrZ  jT  /ni  / 3 . ^^(A.41) 


^ hL2,,( 


Using,  as  above,  the  asymptotic  expression  for  the  Hankel  functions  and 
spherical,  instead  of  cylindrical,  coordinates,  the  expression  for  the 
distant  field  finally  becomes: 


*(»>■- 


ejw/4  ! 


\f  iirR  sin  6 


.m  -jmd 
amJ  e 


7- 

wL  (k 


exp  £-jR[£cosO  + Aq2  -£^  sinO]J  d£,  for  large  |r  j (A.42) 

This  integral  is  again  of  the  form  (A. 26).  The  only  difference 
between  the  integral  in  Eq.  (A.42)  and  the  one  in  Eq.  (A. 25)  is  that  in  the 
former  the  amplitude  of  the  integrand  is  multiplied  by  um(£).  It  is  seen 
from  Eq.  (A. 32)  that  the  value  of  the  integral  must  be  the  same  as  that 
of  the  integral  in  Eq.  (A. 25),  except  for  the  fact  that  it  is  multiplied  by 
«w<B  = « m(k0cos  0).  Substituting  this  expression  for  the  integral  in 
Eq.  (A.42),  the  value  of  the  distant  field  is  then  finally  found  to  be: 


-jk„R 


*<5)  = ■ ik  R.inO 


jmae’^m^(kco»  0) 
m m o 


Hm  <V  sinQ) 


for  large  |R 


(A. 43) 
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This  potential  function  is  related  to  the  sound  pressure  as  follows: 
p($  * j u>  p0  ^(5) 


(A.44) 


The  pressure  field  can  now  be  computed  for  the  proper  radial  velocity 
distribution  on  the  cylindrical  surface. 
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